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ABSTRACT
The work reported in this thesis considers the steady flow of Newtonian and shear thinning 
fluids past unbounded and bounded spherical particles. In the bounded case, the sphere is 
located either (i) along the axis of a uniform tube or (ii) along the axis of a tapered tube. 
The objective of this study is to provide a better estimation of the hydrodynamic drag force 
for these cases. The effects of inertia (particle Reynolds number ranged from 0.01 to 100), 
shear thinning characteristics and the proximity of the walls (for the bounded cases) were 
investigated. The contributions of the individual pressure and viscous forces, as well as 
plots for the local static pressure and wall shear stress were also presented. The governing 
equations (continuity and momentum) have been solved numerically using the 
computational fluid dynamics software, FLUENT 5.
The literature on the unbounded case is extensive, particularly at creeping regime. 
However, there exists a significant disagreement concerning the influence of shear thimiing 
parameters on the drag force, see for example Laero et al (1997). This study resolves the 
literature disagreement regarding the dependence of the drag correction factor on power 
law index by using Spriggs truncated model, Birds (1987), to describe the fluid inelastic 
shear thinning behaviour. At a given modified particle Reynolds number and power law 
index, the drag conection factor could have different values and trends depending on the 
value of the dimensionless shear rate H. The dimensionless shear rate here is defined as 
the ratio of the minimum shear rate, above which the power law model begins to describe 
the rheological behaviour, to the average effective shear created by the sphere. Not 
considering H  could lead to inappropriate drag predictions at creeping and intermediate 
Reynolds numbers regimes. Expressions like those of Graham and Jones (1994) seem to be 
applicable only when power law conditions hold (77~ 0),
Computations were carried out for a bounded sphere in a uniform tube. Both the settling 
sphere in stationary fluids and stationary sphere in moving fluids were considered. For the 
former case, it was found that H  has significant influence on the trends for size ratios 
a/R <0.\. The effect of H  gradually diminishes as the size ratio increases and was found to 
die out completely after size ratio of a/R ~ 0.6. The results also suggested that the wall
111
effects become less significant as the degree of shear thinning (pseudo-plasticity 
behaviour) increases, which is in-line with the general conclusions reached in the past by 
some experimentalists. On the other hand, the results showed that the wall conection factor 
on a stationary sphere becomes less than the settling sphere counterparts as the size ratio 
decreases and/or the power law index increases.
Finally, the numerical results for the hydrodynamic drag force acting on a spherical 
particle positioned along the axis of a tapered tube were presented. These were obtained for 
tubes of standard contraction diameter ratio of 10:1 and tliree half-angle values, 10°, 20° 
and 30°. In all cases, the ratio of the sphere radius to the downstream tube radius is 
a/R2-02. The drag results were expressed in terms of the wall correction factor, K2, 
which is defined as the ratio of the drag force on the sphere at a given separation distance 
to that on the sphere in an unbounded fluid (Stokes force). The separation distance is 
defined as the distance between the centre of the sphere and the inlet of the conical section 
of the tube. Results showed that the hydrodynamic drag force acting on a spherical particle 
at various separation distances increases substantially especially towards the exit. By way 
of an example, at creeping flow regime, the drag force on a sphere at the exit of a tube is 
two orders of magnitude larger than that on a sphere at the inlet. Wall correction factor 
values were also calculated for different power law indices. The wall correction factor 
increases with increasing shear-thinning behaviour (decreasing n). However, as the sphere 
moves downstream the influence of n gradually diminishes. The inertia effects seem to 
play a role only when the sphere is at a distance of 75% of the tube's axal length.
'The accuracy of the drag calculation procedure (mesh generation and boundary conditions) 
was established by carrying out comparisons with previously available experimental, 
analytical and/or numerical results for Newtonian and power law fluids whenever possible.
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1. INTRODUCTION
1.1 Background
The steady, axisyiiimetric and incompressible flow of Newtonian and non-Newtonian 
shear thinning fluids past a spherical particle represents an idealisation for solid-liquid 
systems in many fields of engineering process design and product manufacturing 
technology. For instance, flow tlii'ough packed and fluidised beds, sedimentation of 
particles in thickeners, liquid-solid separation using membrane teclmology are some 
examples of processes whose theories are based on liquid-paidicle systems behaviour. 
Other process engineering applications include injection moulding, coating, extrusion, 
blow moulding and fibre spinning in the processing of polymer melts, the use of drilling 
mud to provide lubrication and many more. Similarly, the settling behaviour' of particles in 
a liquid system determines the shelf life of many commercial products such as foodstuffs, 
cleaning materials, paints etc. Therefore, it is of no surprise that those systems have been 
the subject of investigation for many years.
Notwithstanding the importance of detailed kinematics of the flow, it is readily recognised 
that one of the parameters of central interest here is the total hydrodynamic force (mainly 
the drag) experienced by a particle that is in relative motion with respect to a liquid 
medium. The hydrodynamic forces ar e a result of the hydrodynamic stresses, which are in 
turn induced mainly as a result in the differences in local velocity gradients, pressure and 
density between the two phases. A fundamental understanding of the hydrodynamic 
stresses (or drag force) is essential knowledge in the flow analysis of particulate and 
multiphase flow systems. For instance, a reliable laiowledge of these forces would provide 
useful information in determining the hindered settling velocity, and the fractional phase 
hold-up.
For simple unbounded uniform shear" flow of a liquid past a particle (or equivalently a 
settling particle in a stationary liquid), the total hydrodynamic force exerted by the liquid 
on the particle is normally expressed in terms of a drag coefficient, Happel and Bremier 
(1965) and Clift et al (1978). Extensive work has been carried out in this area since Stokes
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derived his famous expression for the slow settling of a sphere in Newtonian fluids. These 
studies have considered mostly spherical particle and a variety of non-Newtonian fluid 
behaviours. The behaviour of spherical particles can give valuable information on the 
behaviour of less regulaidy shaped particles. Thus this shape was chosen in the present 
study. On the other hand, time independent shear thinning fluids are the simplest and the 
most common type of non-Newtonian fluid behaviour. Hence a large body of the literature 
on the drag has considered this theological behaviour.
By thorough inspection of the relevant literatiue (Chapter 2) it is safe to conclude that 
satisfactory results are available for the drag coefficient of a sphere in unbounded 
Newtonian media. However, the situation becomes ambiguous and contradictory for 
unbounded non-Newtonian fluids even for the simplest type, namely, inelastic shear 
thinning time independent fluids, sometimes called pseudoplastic fluids. There is 
significant disagreement concerning the influence of shear thinning parameters on the drag 
force especially when the power law model is applied to describe the theological 
behaviour, see for example the recent review of Laero et al (1997). The pictm'e is 
uncertain regarding the effect of power law index on the value and the trend of the drag. 
The unrealistic predictions of power law model at low and high shear rate led some authors 
to question the reliability of the predictions obtamed using this theological model, Chhabra 
(1993). However, power law model has been used quite extensively up to the present time 
even by the investigators who doubt it, Missiles et al (2001) and Whitney and Rodin 
(2001). It seems the simplicity of this model discouiages the use of any other models. Here 
the Sprrigs truncated power law model of Spriggs, Birds (1987), is adopted to model the 
inelastic shear thinning behaviour. This model has been successfully used to fit 
experimental data and to simulate the transit motion of sheai* thinning materials inside a 
pipe, Adusumilli and Hill (1986). One of the objectives of the present study is to improve 
our understanding and to remove the uncertainty associated with tlie drag dependence on 
the shear thinning pai'ameters particularly on the flow behaviour index by using this model.
Moreover, a wealth of information is now available in the literature on tlie wall effects on 
the drag force acting on a sphere in a cylindrical straight-wall domain (tube). However, it 
has largely considered only Newtonian fluids. A detailed study of the apparently simple 
problem of a creeping flow of sheai’ thinning fluids (power law) past a sphere in a tube was 
not available until very recently, Missirlis et al (2001). Hence an adequate understanding
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of the drag on a sphere in a uniform tube filled with shear thimiing fluids has heretofore 
been lacking and is one of the purposes of the current study.
Furthermore, the problem of the determination of the total hydrodynamic force exerted by 
axisymmetric flow of incompressible Newtonian fluids on a spherical particle in a bounded 
domain has been extensively studied in the literature, Clift et al (1978). Nevertheless, 
many questions are still exist concerning the effect of wall proximity of complex domain 
geometry even when the fluid is simply Newtonian. One important practical application is 
when the sphere is either suspended in a moving fluid or falling in a stationary fluid within 
a relatively complex shaped domain. Of tlie many geometrical configurations, tube with 
tapered wall (cone) is of considerable technological interest. Flow in a converging tube 
represents an ideal model for many frequently encountered engineering applications such 
as nozzles, gradual expansions and contractions and axisymmetric jets. To the author's best 
laiowledge, there are no calculations available for the drag force experienced by a spherical 
particle inside a tapered tube.
The tapered tube is characterised by its half-angle and by the ratio of the inlet diameter to 
the outlet diameter. Except in the limit of small half-angle and/or large ratios of sphere 
diameter to cone diameters, the geometry configuration parameters undoubtedly alter the 
flow field and result in large velocity gradients thereby leading to significant change in the 
drag force. When reviewing the literature (Chapter 2), it is clear that the drag on the sphere 
inside such geometry has not been considered to any significant depth particularly when 
the fluid is incompressible and viscous. The present study represents a step in this direction 
to bridge part of this gap in the ciuTently available knowledge. The new results for single 
spherical particles in the tapered tube will hopefully serve as a usefiil starting point for 
understanding the behaviour of more complex domain geometries encountered in practice.
The current study, therefore, aims to address the following questions:
(i) Can the results obtained using the Spriggs truncated model. Birds (1987), give 
explanations as to the discrepancy in the literature associated with the drag 
coefficient (or drag correction factor) dependence on power law index? What is the 
missing parameter? How does the inability of power law model to describe the low 
shear* rate viscosity  ^influence its drag predictions?
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(ii) Are the expressions, which will be mentioned in the following chapter, reliable and
applicable without preliminarily cautions? Restated, what is the proper term that 
can be used to give indication to the range over which those expressions are 
applicable?
(iii) How will the drag behaviour vary with shear thinning pai'ameters when the sphere is
settling or stationary in a uniform tube filled with shear thinning fluids?
(iv) Does the flow around a sphere inside a tapered tube exhibit a different behaviour
from that inside a uniform tube? What soil of dependence will the drag on a sphere 
in such complex geometry have on its half angle value?
(v) How can the trends of the drag coefficient (or the drag or wall correction factor) be
understood in terms of local wall shear stress and static pressure (will be defined in 
§ 3.7.3). Answers of the above questions set out the framework of this thesis.
The study is part of a major research programme to study the role of surface interactions on 
aggregation and dispersion of particulate solids. The aggregate consists of a large number 
of colloidal size primary particles (in the size range 0.1 - 10 pm). At this pailicle size the 
surface attractive forces far outweigh the body forces. These forces are strong enough such 
that they form aggregates that behave like rigid solid particles (in the size range 0 .2 -2  
mm). It is generally Imown that by placing one aggregate in a flow, such as simple shear 
flow, hydrodynamic forces (mainly the drag) will start to act on it. The aggregate brealc up 
process occurs when the hydrodynamic forces become greater than the binding forces 
within the aggregate. According to Higashitani and limura (1998) these hydrodynamic 
forces act on the outside particles exposed to the flow and will be propagated into the 
inside particles through the interactions between the constituent paiticles. Because the flow 
field around the aggregate is extremely complicated in general, it is almost impossible to 
evaluate the drag force on the constituent particles rigorously. Bossis and Brady (1984) 
proposed the Stokesian dynamics, in which the hydrodynamic movement of individual 
particles in an aggregate is calculated rigorously. However, this method requires an 
extremely long computation time. Add to all of this the complexity that arises from the 
non-Newtonian behaviour of suspensions and/or the tapered tube geometry.
The motivation of this part of the work presented in this thesis is to obtain an insight into 
the fundamental hydrodynamic stresses as applied to the dispersion of aggregates in 
suspensions. The level of the hydrodynamic stresses (which are the main cause for
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aggregate deformation and breakage) on aggregates under various realistic process 
conditions is to be estimated. On the other hand, the interparticle forces (the main force 
responsible of aggregation of the constituent particles) was measured by Atomic Force 
Microscopy (AFM), Looi (2002). It is proposed to use the Discrete Element Analysis 
(DEA) to incorporate the above hydrodynamic stresses and the interparticle forces to map 
out the aggregate failure mode as a function of microscopic properties and structure, 
Moreno (2002).
Suspensions exhibit a range of rheological complexities. It may be appropriate to begin 
with the simplest and most common type of non-Newtonian fluid, namely, shear-thinning. 
In fact, most of the aggregated suspensions follow this type of behaviour (Coulson and 
Richardson, 1994). Numerous models have been proposed to describe the steady shear 
stress - shear rate behaviour. The power law model has gained wide acceptance in many 
product applications (Holdsworth, 1993) because it is shnple to apply. As mentioned 
earlier, in the present study, the truncated power law model of Spriggs, Bird et al (1987), 
is used to describe the shear thinning behaviour.
The aggregates under consideration are two to four orders of magnitude larger than 
primary particles. It is evident from literature, Potanin and Uriev (1990) and the cuirent 
work of Antony and Ghadiri (2000), that in this size range one can assume the suspension 
to be a homogenous continuum and the aggregate to be a single body. Therefore, in the 
present study the suspension will be treated as a liquid with rheological properties as those 
of the suspension and the aggregate as a single body which has a smooth surface and is 
spherical in shape. Therefore, a special goal of the research program is to provide data on 
hydrodynamic stresses imposed by the continuum phase on the solid spherical body which 
may be incorporated into Discrete Element codes used to model the disintegration of an 
aggregate in a suspension.
1.2 Order of presentation
Chapter 2 presents a background accoimt and historical review of the main theoretical 
results and experimental observations that have previously been reported for the drag on 
both unbounded and bounded spheres in Newtonian and inelastic shear thinning fluids. It
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provides a discussion on the parameters involved and their range of influence and also 
gives a brief introduction for the theoretical approaches applied to this problem.
In Chapter 3 the governing equations and the most common inelastic shear thinning 
rheological models used to interpret the sphere motion problem are outlined. It may be 
appropriate to add at this stage that throughout this thesis, the flow is assumed to be 
isothermal with the temperature is taken as a constant factor which renders the problem 
less complicated. The momentum and continuity equations in their general forms are 
unchanged irrespective of the rheological model. In contrast, the constitutive equations 
vary from one model to another. In this chapter, the problem description and the 
dimensionless groups involved are introduced.
The solutions of the governing equations are sought using the computational fluid dynamic 
package FLUENT 5, from which the hydrodynamic drag force exerted on the sphere is 
subsequently obtained as a function of the geometrical and rheological parameters. The 
commercial software FLUENT 5, which employs the finite volume method, first 
introduced by Patankar (1980), is applied to solve the momentum and continuity equations. 
A brief description about the generation of the grid and the method of solution is given in 
Chapter 4. Some definitions as well as the convergence criteria as applied to this study are 
also given there.
In Chapters 5 and 6, the results of shear thinning fluid flow around unbounded and 
bounded spheres are presented and discussed, respectively. Whenever possible 
comparisons with the existing theoretical and experimental results available in the 
literature are shown.
Finally, Chapter 7 summarises the conclusions as drawn from the current study followed 
by some possible directions as to future work.
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2. LITERATURE REVIEW
2.1 Introduction
As remarked earlier in Chapter 1, the subject of the present numerical study is to estimate 
the total hydrodynamic force imposed by a non-Newtonian sheai' thinning fluids on a solid 
spherical particle in unbounded and boimded systems. The literature on the forces acting 
on a single paiticle in a fluid under various flow regimes and configurations is extensive. 
These forces include buoyancy, fluid drag, fluid lift, fluid torque, fluid inertia, and 
Brownian and inter-particle forces.
Since Stokes derived his famous formula for the simplest case of the drag force on a rigid 
spherical particle settling slowly under the gravity in an imboimded Newtonian quiescent 
fluid, numerous experimental results and many theoretical developments have been 
reported in tire literature. The phenomena of fluid flow around a single particle is 
influenced by a large number of variables including size, shape, and roughness of the 
particle, its rotation, the effects of the container walls, inertial effects, and the physical 
characteristics of the fluid (density, viscosity, compressibility) as well as the kinematic 
variables (such as flow rate (region), pressme and temperature). It may be appropriate, at 
the outset, to evaluate typical parameters that affect the forces imposed by a liquid 
(incompressible fluid) on a particle and their range of influence in order to analyse the 
importance of them on the problem undertaken here (§ 2.2.)
In addition to the pm*e empirical correlations based on experimental studies, three different 
theoretical approaches have been applied for the problem of a fluid flow around a sphere, 
namely, variational principles, perturbation methods, and finally the complete numerical 
simulations. A brief highlight on those approaches may be required for two reasons; firstly 
to compare them with each other and secondly to show the reasons behind the preference 
of using the numerical approach for the crurent study. Section 2.3 outlines the associated 
merits and limitations with each approach.
In many applications, the fluid phase exhibits non-Newtonian rheological behaviour. Over
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the past thirty years, numerous theoretical and empirical expressions have been proposed 
to obtain a solution for the drag force in a variety of non-Newtonian fluids and especially 
in time independent inelastic fluids, mostly for shear thinning. This may be due to the fact 
that majority of non-Newtonian fluids follow this rheological behaviour type. These 
solutions are normally expressed in tenns of dimensionless groups such as drag coefficient, 
particle Reynolds number and non-Newtonian par ameters; the number of these parameters 
depends upon the rheological model being used. It may be appropriate to emphasise here 
that this siuvey reviews the literature on the drag force results in shear thinning fluids 
whose rheological behaviour* is described by one of the thr'ee most popular* shear* thiiming 
models, namely, power law model, Ellis model and Carreau model (§ 2.4).
Fur*ther*more, the slow axial translation of a sphere in a tube filled with a liquid is not just a 
problem of theoretical interest. This is essentially the technique employed in falling ball 
viscometr*y to measure the viscosities of the liquids, Sutterby (1973). In the oil recovery, a 
reliable knowledge of the rate of sedimentation of the cuttings in the dr ill-pipe is evidently 
vital for understanding the cuttings transpor*t using drilling fluids whose rheological 
behaviour* is mostly modelled as shear thinning fluids. It is required to calculate the cutting 
tr*ansport ratio. It is also needed in designing gravity settling devices for the extracting of 
the dr’ill cuttings. The walls impose retarding effects on the sphere, resulting h*om the 
displacement of the sphere by the liquid, which moves through the annular gap between 
the par*ticle and the wall. For a better estimate of the fluid hydrodynamic drag force, wall 
effects should be quantified. For the bounded sphere, some lights are thrown on the 
literature that considers the wall effects on the sphere motion in Newtonian and shear 
thinning fluids in Section 2.5.
The steady rmifor*m shear* flow past a single particle or* the settling of a single particle in a 
fluid represents an idealisation class of the flow of fluids containing particles. For 
unbounded systems, these two cases are same whereas they are different for bounded 
systems in particular when the characteristic length of the sphere to that of the system 
becomes significant. In tliis sur*vey, the work on both cases of the settling sphere in a 
stationary liquid and stationar*y sphere in a moving liquid have been reviewed (§ 2.5).
At the end of this chapter, it appears usefril to summarise the main findings and 
conclusions (Section 2.6),
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2,2 Parameters affecting forces on a single particle in a viscous fluid
2.2.1 Paiticle size and shape
The forces that act on a particle in a liquid are influenced by its size. If the particle is 
colloidal (order of a micron or less), Brownian motion affects the hydrodynamic force on 
the particle, Feuillebois (1989). Brownian movement is a random motion imparted to the 
particle by collisions between the molecules of the fluid smrounding the paidicle and the 
solid particle itself. Nevertheless for larger particle in the range 100 pm - 20 mm 
considered here, this motion has been shown to have no significant effects, see for example 
Jeffery and Acrivos (1976).
Equally, or more importantly, is the shape of tlie particle. Generally speaking, a solid 
paiticle is not perfectly spherical and its shape has been observed to have a strong effect on 
the forces that act on it, Clift et al (1978) and Chhabra et al (1999a). However, it is readily 
acknowledged that the behavioui* of single spherical paiticles can provide usefiil starting 
points and insights into the underlying physical processes. In addition, the sphere is the 
only shape for which the results can be generalised without regaid to attitude and it is 
therefore the natural choice for the ciurent investigation. Results on non-spherical particles 
in Newtonian and non-Newtonian shear* thinning fluids are reviewed by Clift et al (1978) 
and recently by Laieo et al (1997) and Chliabra et al (1999a).
2.2.2 Flow regime
The relative velocity of the particle with respect to the fluid flow is one of the major 
factors that has a direct effect on the total hydrodynamic force. It is normally char acterised 
to a leading order* by the well-known dimensionless group, particle Reynolds number 
defined as:
(2.1)
n.
where E,e/is the characteristic velocity of the par*ticle relative to the fluid, sometimes 
lorown as the slip velocity, d is the char acter istic length of the particle (for a sphere, d  will 
be its diameter), p and rjr are the density and the dynamic reference viscosity of the fluid.
The particle Reynolds number range which considered here is 0.01 < Re < 100. This range
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covers the creeping region (RCp ~ 0), in which viscous effects are dominant, as well as the 
moderate particle Reynolds number region where both the inertial and viscous effects are 
equally important. Clearly, the creeping flow regime can be reached tlnough a combination 
of very small velocity, sphere diameter or very large kinematic viscosity r\,/p. Foi- 
incompressible fluids, flow at moderate Reynolds number is the most frequently 
encountered case in the process industries; however, the creeping flows encompass a 
number of important flow problems in chemical and biological processes, Leal (1992).
One point that may need to be clarified here: the paiticle settling regime and the fluid flow 
regime aie two different concepts. That is the particle settling regime (based on paiticle 
Reynolds number), not the fluid flow regime (based on flow Reynolds number), that 
affects the paiticle settling velocity, hence the drag force. This claiiflcation is necessaiy 
because there aie cases where the fluid flow is laminai- but the paiticle motion in the fluid 
is turbulent settling.
2.2.3 Wall effects
Wall effects should be taken into accoimt when the size ratio of the characteristic length of 
the particle to that of the fluid container is significant, and/or when tlie particle comes close 
to the wall, Clift et al (1978). In the present work, we are interested on unbounded as well 
as bounded spherical particle in shear tliimiing fluids. The bounded domain is taken to be a 
cylinder of straight or tapered walls.
Moreover, the substantial body of research in this area has been widely concerned with the 
sphere translating or suspended along the centreline of the tube. From the numerical point 
of view, this has an advantage of minimising the computational time by simulating the 
problem using a two-dimensional axisymmetiic domain. Section 2.5 reviews the main 
work on correlating the wall effects on the drag force imposed on a sphere inside a tube 
filled with Newtonian or shear* thinning fluids.
2.2.4 The density ratio
In general, the relative motion of a particle inside a fluid (and mainly for the settling case) 
is due to the effective external force (mainly the gravitational force). The magnitude of the 
gravitational force depends upon the ratio of the density of the particle to that of the fluid
1 0
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(P p /p ). For steady flow, there are two cases; namely, a neutrally buoyant paiticle, for which 
in the ideal case pp/p ~ 1, and a non-neutrally buoyant paiticle (pp >  p). In the former case, 
the buoyant force on the paiticle will counterbalance and the particle will not move relative 
to the fluid. Therefore, for this case the only reason for fluid relative motion aiound the 
sphere is to pass non-uniform flow, which is undisturbed at infinity but interacts with the 
particle in the vicinity, Zapryanov and Tabakova (1999). Here we consider tlie literatuie 
when the density of the paiticle is much higher than that of the suiTOunding liquid that is 
when Pp » p .
2.2.5 Rlieological behaviom* of the fluid
Over the past four to five decades, it has been recognised that a range of complex materials 
and multiphase mixtures encountered in a large number of industrial applications including 
chemical and processing materials, invariably fall outside the classical extiemes of 
Hookean elastic solids and Newtonian viscous fluids, Wilkes (1999). These materials are 
called non-Newtonian fluids. The non-Newtonian parameters undoubtedly affect the 
hydrodynamic force that is imposed on a suspended particle.
Non-Newtonian fluids encompass all viscous fluids that do not obey Newton’s law of 
viscosity (discussed later) regardless of whether or not they exhibit elastic behaviour. 
Generally speaking, non-Newtonian fluids can be classified into three categories;
□ Time independent fluids. For these fluids, the sheai* stress (or the viscosity) is 
dependent only on the cuirent value of shear rate.
□ Time dependent fluids. For these fluids, the relation between the sheai* stress and the 
shear rate also depends on the duiation of sheaiing, and sometimes their kinematic 
history. A rheopectic fluid exhibits a viscosity that increases with time at a constant 
sheai* rate. On the other hand, a thixotropic fluid is chaiacterised by viscosity that 
decreases with time at a constant shear rate.
□ Viscoelastic fluids. Materials exhibit combined chaiacteristics of both viscous liquid 
and elastic solid, and show partial elastic recovery after deformations.
For the present study, we are interested in the first category, that is time independent fluids. 
Most of non-Newtonian fluids belong to this category, Chhabra and Richai'dson (1999). In
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these fluids, the viscosity depends on the velocity gradients or shear rate only. Fluids that 
display a decrease of viscosity with increase shear rate are called shear thinning, or 
pseudoplastic. Blood, majority of polymer solutions and polymer melts, as well as most 
sluiTies follow this type. Those fluids, for which the viscosity increases with shear rate, are 
called shear' thickening or dilatant, examples of which ar e starch suspensions. There is still 
a tliird type for time independent fluids, namely, the viscoplastic or Bingham fluids. These 
are characterised by a minimum yield stress, which should be exceeded before a fluid starts 
to deform or flow. Figure 2.1 provides a summary of these three types as wall as for 
Newtonian fluids. Full descriptions of the types of non-Newtonian fluids can be found in 
many standard textbooks, for example Clihabra and Richardson (1999), Larson (1988), 
Bird et a l (1987). Shear thirming fluids found to be the most commonly encountered type 
of non-Newtonian time independent fluids, Coulson and Richardson (1994).
&b»II
Shear rate, y (s" )^
Figure 2.1: Types o f time-independent fluid behaviour: [1] Newtonian, [2] Pseudo­
plastic, [S] Dilatant, [4] Bingham.
For the cmi'ent study, the rheological behaviour' is modelled in two ways, namely, 
Newtonian and inelastic time independent shear' thinning (pseudoplastic). The shear 
thinning behaviour is one of the simplest and the most commonly encormtered behaviour 
of non-Newtonian fluids, Clihabra (1986, 1993). Numerous models of varying complexity 
and accmacy were proposed to provide an adequate representation of the shear' thinning 
behaviour', Birds et al (1987). In the following we review the constitutive equations for the 
most widely used models for shear thinning behaviour about a spherical par-ticle.
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2.2.5.1 Newtonian fluids
For such fluids, a single rheological equation of state, known as Newton's law of viscosity, 
is used:
T = iJ,Y (2.2)
By definition of Newtonian fluids, the value of |li is independent of t  and y, and depends 
only on temperature and pressure. For incompressible, isothermal flow case considered 
here the coefficient of viscosity is constant and used as the char acteristic viscosity.
2.2.5.2 Shear thinning models
In contrast to Newtonian fluids, the viscosity of non-Newtonian time independent shear 
tliimiing fluids is not constant rather it is a function of the shear rate:
T = T|(y) y (2.3)
where r|(y) is the non-Newtonian viscosity (or sometimes called the appar ent viscosity) and 
it is a function of y (or a function of t )  as well as the pressure and temperature. Generalised 
Newtonian fluids are those fluids whose behaviour can be described by this form of 
constitutive equation. Numerous mathematical models of varying complexity and form 
exist for rj(y). Here is a summary of the widely used models in the problem of shear 
thinning about a sphere.
i. The Tower law\ or Ostwald de Waele model
This model expresses the generalised viscosity as a function of a power of the shear' rate: 
r|(y) = m y”'^  (2.4)
Obviously, when a logar itlirnic plot of apparent viscosity versus shear' rate (In r\ vs. In y) 
yields a straight line with a slope of «-1. This model has an advantage of simplicity for 
generalising to Newtonian and shear dependent behaviour'. For % < 1, the apparent 
viscosity decreases with increase of shear rate, and the behaviour is that of a shear' thirming 
fluid. On the other hand, n > \ describes the shear' thickening behaviour', in which the 
apparent viscosity increases as the shear' rate increases. And n = I corresponds to a 
Newtonian fluid, for which p is  a constant and equal to the Newtonian viscosity p-. This 
simple way in defining generalised Newtonian fluids may be one of the main reasons 
behind the wide use of this model in the process applications. For the same reason 
Holdsworth (1993), for instant, attributed the popularity of this model in the food
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engineering community. He listed more than two hundred food products, which conform to 
this model.
In practice, however, most of shear thinning fluids do not exhibit viscosities that 
continuously decrease over a range of shear rate, but instead exhibit regions of constant 
viscosity both at very low and very high shear rates separated by a shear thinning region as 
shown in Figure 2.2. The constant viscosity at low shear rate is called the zero-shear 
viscosity po and at high shear rate is called the infinite-shear viscosity rjoo- Thus, the 
apparent viscosity of a shear thinning fluid decreases from po and pw.
Power law model
Real fluid
Q.Q.
Shear Rate (s'^)
Figure 2.2: Typical apparent viscosity /  shear rate behaviour o f shear thinning fluids. 
The dot line represents power law model
Since the power law model can only approximate the shear thinning behaviour, more 
complicated models are available in the literature and have been employed for the flow 
around a sphere. The two mostly used models are Ellis model and Carreau model.
H. The Ellis model
This is a three-parameter model and normally used when the deviation from the power law 
model is significant at low shear rate. The apparent viscosity is given by:
non (2.5)>+(''Av2)^“‘
where r|o is the zero shear viscosity and xi/2  and p are adjustable curve fitting parameters.
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The index P is a measure of the extent of shear-thinning behaviour, the greater the index p, 
the higher the degree of shear thinning of a fluid. And T1/2 denotes the value of shear stress 
when the apparent viscosity has dropped to half its zero shear value, i.e. when t]- 0.5t ] o . 
The advantage of this model is its ability to calculate the velocity profile from a given 
stress distribution, Chhabra (1993). In the cuiTent study, we are interested in the reverse 
situation, that is the objective here is to estimate the stress field around a spherical particle 
from a given velocity profile.
Hi. The Carreau model
The above two models are empirical, designed to approximate the actual shear thirming 
behaviour. Based on the molecular network considerations. Carreau (1972) proposed a 
four' parameter model to describe the flow behaviour over the entire shear rate range:
n - n .  _ 1
n o - n „  (i +(x,y)T ‘'**''
Here, À, is a relaxation parameter of the fluid with dimensions of time and 5  is a 
dimensionless index and s is a flow behaviour index that has the same value and 
significance as the power law flow behaviour index M, Abdel-Khalik et a l (1974). Both X 
and s are curve fitting parameters. In general terms, this model was formd to describe the 
shear* thirming behavrom* over wide shear* rate range, Abdel-Khalik et a l (1974). It may be 
wortli noting that equation 2.6 is sometimes reduced to a tlrree-parameter equation by 
neglecting rjoo. That is:
T1 = r|o (l + (A,Y)^f (2.7)
This equation is known as tlie Trimcated Carreau Model, or simply Carreau equation. Bird 
et a l (1987) presented a useful simmiary of other* rheological models to describe shear* 
thirming behaviour*.
Fiuthermore, it seems useful at this stage to emphasise that the flow of viscoelastic fluids 
past a sphere, although important, is outside the scope of the ciment study. The fluids are 
taken to be pure shear* thinning fluids with no elasticity. The work on the area of 
viscoelastic fluids, however, has received remarkable amount of attention. The settling of a 
sphere along the axis of a uniform tube filled with viscoelastic fluids has been considered 
as a 'bench mark' problem for* the validation of procedures of numerical solutions, see for 
example Mutlu et al (1996). At least tluee main groups are engaged with this problem as
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part of their on-going research, namely. Prof. Crochet group (Belgium) and Prof. Webster 
and Prof. Townsend group (United Kingdom), Prof. Phan-Thien and Prof. Tanner group 
(Australia). Their works are mainly concerned with the investigation of the visco-elasticity 
behaviour rather than the drag behaviour, and as such no quantitative results for the drag 
force have been presented. Clihabra (1993) has critically reviewed the work related to the 
viscoelastic fluids past a sphere reported prior to 1993.
2.3 The solution techniques
From a theoretical point of view, the pertinent equations governing the steady flow of a 
non-Newtonian fluid about a rigid paiticle are non-lineai* and coupled with complex 
rheological behaviour, so that exact solutions cannot be obtained. The particle motion 
inside sheai* thinning fluids is complicated by the shear rate dependent-viscosity nature of 
these fluids. Theoretically the viscosity affecting the drag force on a paiticle in shear 
thinning fluids should be that of the fluid envelope suiTomiding the particle. This viscosity 
depends on the sheai* rate distribution aiound the particle. For creeping flow of Newtonian 
fluids, the sheai* rate distribution can be given by the Stokes solution. Bird et al (1960). 
Unfortunately, at finite Reynolds number and/or for non-Newtonian rheological behavioui*, 
the Stokes solution is not reliable. For example, at high Reynolds number and low values 
of power law index, Graham and Jones (1994) showed that the Stokes solution 
underestimates the actual shear rate distribution over the paiticle surface. Therefore it is 
impossible to develop a similai* analytical solution to describe the sheai* rate distribution 
aiound the particle, unless some approximations aie introduced and the case is limited to 
the completely creeping motion of a spherical particle.
Basically, thiee main approaches have been applied to obtain solutions for the drag 
imposed by a fluid on a rigid sphere, namely:
□ A purely experimental approach giving empirical correlations between the physical 
vaiiables. This was the first historically, but it is still often used nowadays (see for 
example Chhabra, 1993).
□ A puiely analytical approach, where specific problems aie treated theoretically on the 
basis of the Navier-Stokes equations with boiuidary conditions prescribed on the 
suiface of the sphere. Essentially, two analytical teclmiques have been used to seek a
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solution for this problem; variational principles and pertuihation approaches. Since 
detailed descriptions of these approaches are available elsewhere, Chhabra (1993) and 
Leal (1992), the merits and drawbacks of each of these approaches aie demonstrated 
here by summaiising their salient featuies.
Variational principles have been used quite extensively for the problem of the drag 
force on a sphere in sheai* thimiing fluids. Cho and Hainett (1983), Hopke and Slattery 
(1970), and Chliabra and Uhlherr (1980a) aie examples for the applicability of this 
approach to the creeping motion of power law model, Ellis model and the Caneau 
model fluids over a sphere respectively. This approach does not provide any detailed 
information about the flow field. Instead, upper and lower bounds for the drag 
collection factor (defined below) aie obtained from trial velocity or stress fields. All 
solutions rely on different stieam functions that aie chosen arbitrarily to satisfy the 
equation of continuity as well as required boundai*y conditions and to contain a 
dependence on non-Newtonian fluid parameters. For example, when the power law 
model is employed to describe the steady shear behaviour*, the chosen stream function 
should contain power law index. Chhabra (1993) tabulated in his book the stream 
functions used by different investigators. The main drawbacks of these principles as 
applied to shear thimiing materials are they aie applicable only when the inertia terms 
are absent. Also they start to give divergent results, as the fluid becomes more shear* 
thinning. On other words, they can be useful only for slowly motion of mild shear 
thinning fluids. Fm*ther, because of the aibitiaiy basis associated with choosing the 
stream functions used to obtain a solution, different investigators amved at different 
solutions.
The pertuihation methods ar e the most popular techniques of linearisation, which have 
been applied for the problem of a rigid sphere in shear thinning fluids, Kawase and 
Ulbrecht (1981), Kawase and Moo-Young (1986) and very recently by Rodrigue et a l 
(1996). In these metliods the solution is approximated in the form of series expansions 
of the flow variables (velocity, pressme, stream function etc.) with the non-Newtonian 
paiameters as their coefficients, power law index is an obvious paiameter when power 
law model is used. For example, for the flow of a power law fluid, the stream fonction 
and the pressme aie expressed in the form of asymptotic power series as:
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n - l
2
n - l Pi + P2+ '"  (2.9)
These equations are then substituted in the linear form of the governing equations and 
the resulting equations are solved using analytical approximations. As a result of the 
nature of approximations inherent in those methods, one would intuitively expect such 
analyses to be valid only for a small degree of shear thinning behaviour. That is, when 
the value of the power law index (n) is not too different from unity when power law 
model is used. In addition, the reliability of any results obtained using perturbation 
methods outside creeping conditions was questioned, Leal (1992).
□ With the development of sophisticated numerical schemes, and advent of powerful 
computers, some reseaichers have sought numerical solution. Using computational 
fluid dynamics codes, the full solutions of the governing equations subjected to 
appropriate boundary conditions were obtained, fi'om which the drag force is calculated 
using post-processing paiameters. Using suitable constitutive equations, many authors 
have sought a numerical solution for the drag on the sphere in shear thinning fluids, for 
example, Lockyer et al (1980), Gu and Taimer (1984), Crochet et al (1984), Bush and 
Phan-Thien (1984), and more recently Tripathi et a l (1994). The numerical simulations 
have been shown to be effective and efficient tools for calculating the transport 
properties of fluids containing particles, Crochet et al (1984), Bowen and Shaiif (1994, 
1996). Simulations were cairied out for highly shear thinning materials and outside 
creeping flow region. The main advantage of tliis approach is that it is applicable even 
when the fluid rheological behaviour is very different fi'om the Newtonian rheology. In 
other words, they can be applied over a wider range of the flow behaviour index unlike 
the other two approaches, which aie restricted to mild sheai* thinning behaviour.
It appears that no adequate analytical approaches are available for non-Newtonian fluid at 
anything other than neai* zero Reynolds number. The vaiiational principles aie restricted to 
creeping flows of power law fluids, as aie the perturbation approximations. Therefore for 
the higher Reynolds number case, owning to the highly non-linear nature of the problem
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with shear rate-dependent viscosity and significant fluid inertia, attempts at solution of the 
drag force problem invaiiably resort to numerical methods.
It may be worth mentioning here that since this study is a numerical study, most of this 
literature review emphasises on the theoretical history of the drag force acting upon a 
spherical particle in a fluid. Only a brief overview of the relevant experimental work is 
presented.
2.4 The drag on an unbounded single spherical particle
The diag force is defined as the component of the resultant hydrodynamic force acting on 
the paiticle in the direction of the relative motion of the fluid with respect to the paiticle, 
whereas the lift is that force acting noimally to that direction. In the unifoim shear flow 
case, the flow is symmetrical about the sphere and its intensity on both sides of the particle 
is the same, and no lateral (lift) force occurs. Leal (1992), Feng et a l (1994). Moreover, 
even for the cases where the lift force is significant (for example in the case of linear shear 
flow), it was shown to contribute only small portion (maximum of 5%) to the total 
hydrodynamic force. Dandy and Dwyer (1990) and Kurose and Komori (1998). The goal 
of this study is to find the total hydrodynamic force exerted by the fluid on an aggregate. 
Hence, reliable knowledge on the drag force gives an indication of the level of the total 
hydrodynamic force imposed by the fluid on the aggregate.
Many experimental and theoretical studies on the unifonn flow of Newtonian and shear 
thinning past a sphere have been reported. In the following we thiow some light on the 
situation in the literature by summarising the main findings. More detailed compaiisons 
between the vaiious theories as well as between the predictions and experimental results 
aie reviewed comprehensively elsewhere, Clift et al (1978), Chliabra (1986, 1993) and 
recently by Lareo et al (1997).
2.4.1 Newtonian fluids
The diag force on a spherical rigid paiticle aiising flom relative motion with a Newtonian 
viscous fluid represents one of the oldest problems in theoretical fluid mechanics and has, 
thus, been the subject of extensive studies. Stokes obtained the drag force experienced
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by a solid sphere moving in an unbounded fluid at rest as:
^D St ~  «i (2.10)
Here is the tenninal settling velocity of the sphere and p is the Newtonian constant 
viscosity. It may be noted that for unbounded domains the cases of a settling sphere and 
that of steady uniform flow past a solid sphere aie identical. It is only when the domain is 
bounded then these two cases differ. From the derivation of Stokes’s law (equation 2.10) as 
well as fi'om many experimental and numerical results, it has been shown that, for this 
case, form (pressure) drag comprises one-third of the total diag whereas the other two- 
thirds comes fi’om the friction (viscous) drag. Leal (1992), Coulson and Richardson (1996). 
One point which may be worth investigating is to find how these contributions vary with 
the sheai* thinning paiameters. More theoretical background about these two contributions 
of the total drag is provided in the following chapter (§ 3.5).
In addition, the di*ag force has been customarily expressed in a dimensionless fomi by 
inti'oducing a drag coefficient, C/), defined as:
The total drag force in equation 2.11, F/?, is measui'ed experimentally, approximated 
theoretically or numerically calculated fi*om the pressure and the stress fields. Note that 
equation 2.11 is a general expression for the drag coefficient irrespective whether the flow 
domain, is mibounded or bounded, and whether the fluid rheology is Newtonian or non- 
Newtonian fluids. For the creeping flow of Newtonian fluid, equations (2.10) and (2.11) 
can be combined to yield Stokes equation in its usual expression as:
24 (2 .12)RCp
It should be noted here that the Stokes equations (2.10) and (2.12) were obtained by 
assuming that the inertia terms in Navier-Stokes equations are negligible. For very small 
Reynolds number of order of 0.1 and less, equation 2.12 gives a valid approximation. For 
values of Reynolds number greater than 0.1, deviations become progressively greater and 
the contribution of the inertial forces is no longer negligible. Extensions of Stokes solution 
to higher Reynolds number have been presented by many authors and reviewed by Clift et
2 0
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W.; (1978), Coulson and Richai'dson (1996). For example, Oseen's approximation provides 
better approximation for unbounded sphere at finite Reynolds number (Rep ~ 2). These 
coiTelations were used to obtain the so-called standard drag curve that shows the drag 
coefficient as a fiinction of Reynolds number. Perhaps astonishing that developing more 
reliable expression with better predictions for this case still active area of reseaich. For 
example, Liao (2002) has very recently applied a new kind of analytical technique, namely 
the homotopy analysis method, to obtain a 10^ '^  order expression for the drag coefficient. 
The only advantage of the recent formula is that it gives better agreement with the 
experimental results than any other available puiely analytical expression for paiticle 
Reynolds number up to Rep <30.
From the experimental side, there are many empirical equations available. The most recent 
and probably one of the simplest to use is that of Khan and Richai'dson (1987) who 
suggested the following expression to predict the drag coefficient, , over a wide range of 
paiticle Reynolds number (10'^ < Rep <4x10^) within error in the range of 5%,
Cd =(2.25Rep"“ ‘+0.36Rep““ f ‘'’ (2.13)
Because of the complex coupling of both the viscous and inertial effects, the theoretical 
studies on paiticle drag force in the inteimediate flow regime have been canied out to 
obtain a numerical solution, Jenson (1959); Le Clair, Hamielec and Pruppacher (1970) and 
Clift and Gauvin (1971). The latter studies extend the equation of Schiller and Namnami 
(can be found in the text by Coulson and Richai'dson, 1996) to Rcp < 1.5 x 10 .^ Alexander 
and Morsi (1972) proposed a numerical expression that approximates the standaid drag 
cui've within 1 - 2% of the experimental value.
2.4.2 Shear thinning Fluids
If a spherical paiticle is moving relative to a non-Newtonian fluid, the flow equations 
become more complex and gieat care must be made in interpreting the results of 
experiments and computations. In the present case, we are faced with sheai* thimiing fluids 
and equation (2.12), therefore, can not be expected to predict the drag coefficient. For 
Newtonian fluids the diag coefficient is a unique function of the Reynolds number, 
whereas in the case of sheai* thinning fluids the drag coefficient exhibits additional 
dependence on the shear thinning parameters. As will be seen later, the number of these
2 1
Chapter 2; Literatui'e Review
parameters and the drag variations with them entirely depend on the rheological model 
being applied. A majority of research has been mainly directed to obtain what might be 
termed the non-Newtonian equivalent of the standard drag curve. The following is a 
summary for the main results on the diag force acting on a sphere in unifomi sheai* flow of 
shear thinning fluids at the two regions, low Reynolds number (creeping flow) and at 
moderate Reynolds number regions.
2.4.2.1 Creeping flow region
For creeping flow of shear thinning fluids, as for Nevrtonian fluids, the equations of motion 
can be simplified by neglecting the inertial terms. However, these simplified equations are 
still highly non-lineai* due to the existence of non-linear relationship between the stress 
tensor and the rate of defomiation tensor. Attempts to obtain a lineai* fom  of these 
equations were carried out and solutions for the drag were estimated. Nevertheless, those 
were restiicted to mild shear thinning behaviour.
Needless to add that the foim of the drag expression strongly depends upon the fluid 
model. This review covers the work that has been carried out to obtain the drag in shear 
thinning time independent fluids with rheology described by thiee models: power Law 
model, Ellis model and Caireau model. These models found to be the most widely applied 
to the problem undertalcen. Chliabra (1986, 1993) has critically examined the 
developments on the shear thinning fluids about a spherical particle. A recent survey in this 
aiea can also be foimd in a paper by Lareo et al (1997).
Over the past four decades, the steady creeping flow of inelastic sheai* thinning fluids past 
an unbounded sphere has received considerable attention. The results are normally 
expressed in the form of a drag correction factor, F, which takes into account any deviation 
of the di ag force from Stokes foimula, that is:
Y -  foJ'ce m shear thinning fluids _ Fj  ^ ^
Stokes drag force with the samer|^  6naV^r[j.
Here R» is the tenninal settling velocity of tlie sphere in unbounded domain, r\r is the 
reference viscosity varies from one sheai* thinning fluid model to another. When power law 
model is used, then the reference viscosity is evaluated at an effective shear rate as:
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f v  y '= (2.15){2aJ
where m and n are the consistency coefficient and power law index respectively. The 
particle Reynolds number definition is also modified accordingly as:
R e , = £ M e :  (2.16)m
For sheai* thinning models that include zero shear viscosity, such as Carreau model, the 
zero shear viscosity is taken to be the reference viscosity, that is t|,. = r|o, with particle 
Reynolds number is now defined as:
Re»=BfEL2. (2,17)
no
The superscripts ' and 0 stand for modified and zero based viscosity definitions of 
Reynolds number. The influence of non-Newtonian sheai* thinning behavioui* on the drag is 
then included as:
^DNN~^^DSt (2.18)
Here the Stokes coefficient Cost is the diag coefficient using the equation 2.12 with the 
appropriate definition of Reynolds number, and Cdnn is the actual drag coefficient in non- 
Newtonian sheai* thinning fluid that is calculated using the general force expression 
equation (2.11). The drag conection factor Y  is therefore obtained by getting the ratio of 
these two coefficients. In his thesis, Luo (1988) mentioned two other approaches that has 
been applied by petroleum engineers conununity to account for influence of the shear 
thinning behavioui* of drilling fluids on drilled cuttings tiansport. He concluded that using 
the above approach (that is accounting for non-Newtonian behavioui* by a drag correction 
factor) is the best to tackle this problem. He showed that it is more accurate and easier to 
use.
As can be seen from the previous section (§ 2.4.1), the drag coefficient of a sphere is a 
flmction of Reynolds number alone for Newtonian fluids for which there are ample 
theoretical and experimental correlations in the literature with a good agreement between 
them. However in the case of sheai* thinning fluids, the sheai* viscosity of the fluid depends 
on the sheai* rate. Therefore tlie drag coefficient (or the drag correction factor Y) is not a 
function of a characteristic Reynolds number alone. This has resulted in uncertainty, which
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led to discrepancies (sometimes contradictory) between the conclusions reached by 
different authors. The following is an attempt to summarise the main findings available in 
the literatui'e. It may appeal* embanassing to observe such disagreement pai*ticulai*ly 
between the trends obtained by the experimental data and those theoretically estimated.
i. Powe?' law model: The problem of uniform flow of power law fluids past an unbounded 
sphere (or equivalently the settling of a sphere in a power law fluid) has been widely 
investigated both experimentally and theoretically. Using dimensional analysis, Chhabra 
and Richaidson (1999) in their recent book have shown that the functional relationship of 
the drag coefficient on a single isolated sphere in a power law fluid is of the form;
= /^ (Rep,«) (2.19)
That is for creeping flow regime equation 2.19 the drag coefficient depends only on the 
value of power law index («). The results of the drag force on an isolated spherical particle 
can therefore be expressed in terms of a drag correction factor, T, as;
F = (2.20)
Here Cd is the actual drag coefficient measuied or calculated at specific value of power 
law index using the general force expression, equation 2.11, Re'p is the generalised particle 
Reynolds number, defined by 2.16. Cliliabra (1986, 1993) critically reviewed various 
experimental and other theoretical studies, up to 1993, and concluded that for Re'p <0.01; 
Y is only a function of the power law index {n).
The early investigations used vaiiational principles to obtain lower and upper bounds for 
the drag correction factor as functions of power law index. Wasserman and Slattery (1964) 
is one of the first works which applied these principles for this problem. They obtained the 
upper and lower bounds of the drag conection factor, T, as integral functions of power law 
index. Instead of expanding those functions using binomial series as carried out by 
Wasserman and Slattery (1964), Cho and Hartnett (1983) solved the two integrals 
numerically. That is why the later study was considered to be a slight improvement of the 
former study, Chhabra (1983). For practical applications, normally the arithmetic average 
of the two bounds is taken as the true solution. However, the predictions of the two 
investigations were compared with some experimental data and poor agreements were
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observed, see Chliabra (1983) and also Reynolds and Jones (1989). Moreover, Chhabra 
and Uhlherr (1981) concluded that experimental drag results could in principle lie above 
and below the upper and lower bounds of Wasseiman and Slattery (1964), respectively.
Using peitmhation procedmes, several expressions of varying forms and complexity have 
been proposed in the literatui'e for the diag correction factor. Acharya et al (1976) 
analytically solved the governing equations and presented the following expression of Y as 
function of m
33n^ -  63k'' -U n ^  +91n^ +l(,n
4n^ {n +1)(« + 2 ) {in + 1) (2.21)
The maximum deviation of the predictions of equation 2.21 from the lower and upper 
bounds of Wasseiman and Slattery (1964) was found to be 25%, Acharya et al (1976).
Using the same standaid perturbation, but with higher order approximations, Kawase and 
Moo-Young (1986) obtained a different expression for the correction factor, i.e.:
In^ — 4M 4- 26Y — 3(3"~3)/2 (2.22)Sn{n + 2 )
It must be mentioned here that in the above works assumption was made that the deviation 
form Newtonian behaviour is small, |m - 1| «  1. It may be interesting to note that both
equations 2.21 and 2.22 do indeed give the expected value of one when the fluid is 
Newtonian {n =1) even though they aie based on arbitrarily chosen stream functions.
In Figure 2.3, taken fiom Chhabra (1993), the predictions of both equations (2.21) and 
(2.22) as well as from other theoretical results obtained by different investigators are 
presented together with the aforementioned works of Wasserman and Slatteiy (1964) Cho 
and Hartnett (1983). The figure also includes the results of Mohan and Venkateshwarlu 
(1976) on the drag obtained for a diop falling in a power law liquid when the ratio of 
viscosity of disperse phase to viscosity of continuos phase equal to 1000 (coiTesponding to 
rigid particle case). With reference to these investigations, there is an appreciable 
disagreement on the functional dependence of Y on n. However, with few exceptions, all 
of these studies suggest that the shear thinning increases the drag coefficient above its 
Newtonian value, i.e. F>1.
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Figure 2.3; Predictions o f the drag correction factor for unbounded sphere as a function 
ofpower law index at creeping flow conditions (Rep <0.01). The numbers on the curves 
refer to different investigators as follows:
Curve no. Investigator(s)
1,2 Cho and Hartnett (1983)
3,4 Slattery (1962)
5 Nakano and Tien (1968)
6 Ulbrecht e? a/. (1976)
7 Ulbrecht et a l (1980)
8 Tomita (1959), Arterbum et al (1962)
10 Kawase and Moo-Young (1986)
9,11 Wasserman and Slattery (1964)
12 Mohan V. and Venkateshwaidu (1976)
It should be added here that some investigators, however, solved analytically the equations 
of motion using different approaches and derived expressions for 7, which predicts that 7  
is less than unity or in order of 1. Kawase and Ulbrecth (1985), Leonov and Isaev (1989) 
and Moshev (1989) are examples and more details about these studies can be found in
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Ceylan et a l (1999) who outlined their expressions. Recently, Ceylan et al (1999) have 
derived an expression for the drag correction factor by using a stream function formula 
obtained by Shulman (1975), and they have proposed the following equation:
.2
n'
Ceylan et al (1999) furtlier proposed that: 
for Rep < Ix 10"^ :
Y* = Y  (2.24a)
for Ix 10'^<Re’p < lx  10’^ :
Y* = Y + h l^ io J iQ ^  Re’ ) (2.24b)3n + l \ P/
for Ix 10’^ <Re'p < Ix 10 :^
R e '/
whereX») = 4«"^  and g(n) = (%-3) / 3. From equation 2.24, it seems that the authors have
-5 1 n-5suggested that there are three regions within the creeping flow region. Rep < 10" , 10 <
Rep < 10*, and Rep > 10' over which the drag conection factor may have a value that is 
>1, <1, or -  1.
Ceylan et al have shown that equation 2.24 can predict the tlir*ee different values for the 
drag correction factor reported in the literature. They have supported the predictions of 
their equation by comparing them with previously published experimental results, one of 
which are those of Turian (1967). Confidence in such comparison, however, is weakened 
by the fact that Turian (1967) obtained his experimental results using Ellis model as 
Theological model and not power law model. Tiuian (1967) used the zero based viscosity 
definition of Reynolds number, equation 2.17 to correlate his data, and not the modified 
definition, equation 2.16. In addition. The authors did not demonstrate cleariy how they 
obtained the expressions (2.24a-c) from the theoretical background upon which their 
originally derived drag coefficient equation (equation 2.23) was based.
In recent years, the numerical methods have been applied to study this problem. To the 
best of the author’s knowledge, there are six numerical investigations, namely Lockyer et
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a l (1980), Gii and Tanner (1984), Crochet et a l (1984), Tripathi et al (1994) and very 
recently Missirlis et a l (2001) and Whitney and Rodin (2001).
Below Re'p = 0.2, Lockyar et a l (1980) used a finite difference method and showed that
the drag correction factor can simply be represented as a linear fonction of w by:
Y{n) = 2 - n  Re’p <0.2 (2.25)
Using finite element metliod, Gu and Tamier (1985), Crochet et a l (1984) independently 
solved the continuity and momentum equations for the drag on a sphere in power law 
fluids. They applied different boundary conditions. Gu and Tanner (1984) considered both 
sphere-in-sphere and sphere-in-tube configurations and they assumed that the wall effects 
aie given by Faxen-type form (given by Happel and Bemner 1965). For unbounded case, 
they extrapolated to sphere-to-tube diameter ratio of zero. On the outer surface of the 
computational domain, the noimal velocity gradient is set to zero and a tangential slip 
velocity is imposed to reduce the wall effects. On the other hand. Crochet et a l (1984) 
solved the equivalent problem: they fixed the sphere at the axis of a cylindrical tube, and 
they moved the tube with a constant velocity equal to the settling velocity of the sphere. 
The tube radius is fifty times the sphere radius. It seems that they ignored the wall effects. 
The values of Y for different values of n as calculated by these two investigations are 
presented in Table 2.1 along with the values obtained recently by Tripathi et al (1994) at 
Rep = 0.01 and power law index values of w = 1, 0.8, 0.6, 0.4 and 0.2. Table 2.1 also listed 
the more recent values calculated by Missirlis et al (2001) using both finite element 
method (FEM) and finite volume method (FVM). As can be seen from the table, the
agreement between the numerical values can be regarded as fairly good.
According to Graham and Jones (1994), equation 2.25 correlation predicts the upper bound 
solutions of the theoretical study by Wasserman and Slattery (1964). In their recent book, 
Chliabra and Richardson (1999) have considered the results of Gu and Tanner (1984) as 
the best theoretical estimates of Y and they recommended them. More recently, Whitney 
and Rodin (2001) using finite element codes numerically calculated numerical values for 
the force-velocity relationships for a rigid body moving in unbounded shear thimiing fluids 
with power law as a constitutive equation. Both spherical and cylindrical paiticles have 
been considered. For the sphere, they have concluded that their results are in good
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Table 2.1: Values o f drag correction factor by different investigators (Y) - <0.01
Power law 
index («)
Values of 7
Study (1) Study (2) Study (3) Study (4a) Study (4b)
1.0 1.02 1.006 1.003 1.0035 1.0055
0.9 1.18 1.140 1.1367 1.1371
0.8 1.27 1.240 1.230 1.2568 1.2558
0.7 1.35 1.320 1.3546 1.3554
0.6 1.44 1.382 1.381 1.4293 1.4322
0.5 1.47 1.420 1.4755 1.4787
0.4 1.51 1.442 1.440 1.4924 1.4973
0.3 1.48 1.458 1.4778 1.4839
0.2 1.46 1.413 1.392 1.4261 1.4334
0.1 1.39 1.458 1.3327 1.3386
(1) Crochet et a l (1984), (2) Gu and Tanner (1984), (3) Tripathi et a l (1994), (4a) Missirlis et a l (2001) 
using FEM, (4b) Missirlis et a l (2001) using FVM.
agreement with those of Gu and Tamier (1986). However, the point which should be added 
here that the numerical results of Gu and Tanner (1984) can not be taken as the best results 
for the drag in shear thinning fluids to compare with. It will be seen later, some of the 
experimental results have showed in fact trends, which are contradictory to those of Gu 
and Tamier (1984). Before that let us have closer look on drag results using other viscosity 
models, namely, Ellis and Carreau models.
a. Ellis model fluids: In this model the drag correction factor To is a function of
• The Reynolds number (based on zero shear' viscosity) : This is defined previously by 
equation (2.17),
• Ellis model parameter, p, it is an index that measur e the rate of decrease of viscosity.
• A dimensionless group, El  ^called the Ellis niunber, and is defined as:
d% (2.26)1/2
Here xm  is value of shear' stress at which the apparent viscosity dropped to half the value 
of zero shear' viscosity. This dimensionless nmnber is necessai'y due to the additional fluid
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model parameter.
For this model, the drag correction factor, Yq (subscript 0 stands to zero viscosity base 
model), in creeping flows, is defined in similar way to that in power law model fluids as:
(2.27)
The actual drag coefficient, Cd, in equation 2.27 is measured or calculated at specific 
values of El and p. Although the presence of the third parameter fuither complicates the 
nature of the pertinent equations, this model has received reasonable attention. Hopke and 
Slattery (1970 a; b) studied the slow motion of an unbounded sphere falling thi'ough shear 
thinning fluids with rheological behaviour described by Ellis model. Using variational 
principles, they calculated the approxhnate upper and lower bounds of the dr ag coefficient. 
They expressed their results by mean of two gr aphs for upper and lower bounds of Yq 
respectively as functions of El and p over the range of physical propeiiies; 1 < p < 3 and El 
< 10. Chhabra and Uhlherr (1984) used the same principles and extended this 
approximation to include wider range of Ellis nmnber up to 150. The latter authors 
recommended the use of the ar ithmetic average of the two bounds as real values of the drag 
coiTection factor.
The main finding reached by Hopke and Slattery (1970 a; b) is that at creeping flow 
regime, the values of To are close to unity for low values of Ellis number. However, as 
Ellis number and p increase, the value of the drag correction factor increasingly deviates 
from one. Chhabra et al. (1981) carried out experiments to rneasme the drag coefficient in 
fluids whose viscosity-shear* rate dependent behaviour could be approximated by Ellis 
model. Most of the data points were found to lie between the upper and lower bounds of 
Hopke and Slattery (1970 a; b) and closer to the lower bound at low values of Ellis 
niunber. They concluded that using Ellis model, the drag coiTection factor mostly assumes 
values which are less than unity. In other words, on contrary to conclusions reached by the 
power law based analysis that predict an increase in drag confection factor due to the sheai- 
thinning behaviom', when Ellis model is used the diag factor is reduced below the 
Newtonian value, (Chhabra, 1986).
Hi. Carreau model fluids: Chhabra (1986) recommended the use of this model to calculate 
the drag force experienced by a paificle in an mibomided flow of a shear thinning fluid
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over the entire range of shear rate including the two asymptotic regions as seen previously 
in § 2.2.5. However, it seems that the difficulty in obtaining the model parameters hindered 
any progress in applying this model to solve hydrodynamic problems. Clihabra and 
Uhlherr (1980a) employed the variational principles to obtain an approximate solution of 
the upper bound for the drag on a sphere by a CaiTeau model fluid. Noting that in creeping 
flow regime the infinite shear* viscosity ( t|^) is unlikely to be reached, they dropped . 
Thus when applying this model to interpret the sphere problem, the drag analysis is 
simplified as a function of the following dimensionless groups;
• the relevant Reynolds number that is based on zero shear* viscosity (defined by 
equation 2.17).
• Cari'eau model flow behaviom* index, s. This has the same value and significance as the 
power law flow behaviom* index n
• Another* important dimensionless group is called the Carreau nrmiber, Cw, and is 
defined as:
nj. yCw = — (2. 28) a
Here A, is a relaxation parameter* of the fluid with dimensions of time (that is may be the 
reason behind calling the Caneau number group sometimes as the dimensionless time).
In 1986 Chhabra (1986) used the results he obtained six years earlier* in Chhabra and 
Uhlherr (1980a) and presented plots of the drag correction factor. To, as a function of Cu 
and Caneau model index, s. Again the value of To decreases below unity as the degree of 
pseudo-plasticity increases, that is as Cu increases and/or* s decreases. Based on a boundary 
integral method. Bush and Phan-Thien (1984) proposed a formula to calculate tlie drag 
correction factor* for* a sphere in a fluid with steady shear* behaviom* described by Carreau 
model:
=(l + S^Cw^)^ (2.29)
where E numerically calculated parameter and depends on the flow behaviom index, s. As 
s varies from 0.1 to 0.9, the value of E  varies from 0.357 to 0.135. They also found that by 
specifying E = 0.275 they can fit most of their* experimental data. Later, Kaswase and 
Moo-Yoimg (1985) obtained an approximate expression for* the drag correction factor:
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(2.30)
In a more recent paper, Rodrigue et a l (1996) used a peitui'bation method to obtain 
approximate expressions for the drag correction factor on both fluid and rigid sphere 
moving in a CaiTeau fluid (for Cu « 1 ) .  They expressed the drag correction factor for a 
rigid sphere as:
Yo =
Using the above equations, it can be cleaiiy seen that for s (which is equivalent to n) less 
than one, then Tq is less than one. In addition, Rodrigue et al (1996) also established a 
comparison between the predictions of the three previously equations (equations 2.29 to 
2.31) and some available experimental data and found that equation 2.29 is the best to fit 
the data.
/v. Experimental Studies: A considerable amount of experimental work has been carried 
out on the steady flow of shear* thirming time independent fluids about spheres. Clrhabra 
(1986, 1993) has reviewed the experimental studies tliat used power law model. As the 
fluid behaves in more shear* thinning fashion (as n decreases), he reported three trends for* 
the drag corr ection factor* Y with the flow behaviour index n\
(i) the drag corTection factor* T becomes larger than 1, i.e. T> 1,
(ii) the drag corTection factor is almost one, i.e. Y ~ 1, or
(iii) the drag corTection factor assumes values which are less than 1, i.e. T< 1.
He attributed this disagreement to three possible reasons:
(i) the wall effects that has been either* neglected in some investigations or talcen into
account but by using Newtonian corrections,
(ii) some researchers have not considered the viscoelastic effects, and
(iii) power* law model is not an adequate model to describe the rheological behaviour* of 
a shear thinning fluid flowing about spheres. This is due to its inability to predict 
the zero shear* viscosity. However, the inadequacy of power* law model comes from 
the fact that it fixes the shear* rate at the terminal settling velocity, hence it is not 
appropriate at all for* creeping flow regime.
Chhabra (1986, 1993) in his aforementioned reviews has showed that even if the 
experimental findings ar*e free from the first two reasons, they are still widely scattered.
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The power law model is umealistic in that it predicts infinite and zero viscosities in the 
limits of very low and high shear rates, respectively. For creeping flow conditions, the 
prediction of infinite value for viscosity in the fiont part of the sphere is more serious. 
Chhabra (1993) has cautioned the use of power law model and expressed doubts on the 
reliability of any conclusions reached based on it.
Furthennore, Reynolds and Jones (1989) showed experimental evidence that the power law 
model gives a good approximation for the drag on the sphere provided that the shear* rate 
range created by the sphere is within the shear* rate range over which power* law model 
holds. They defined a localised shear rate or an effective shear* rate around a sphere as the 
ratio of the relative velocity (between the fluid and the sphere) to the sphere radius. Power* 
law model was shown to give unacceptable results when the localised shear* rate is 
approaching a shear rate value tends to or* witliin the shear* rate range in which the fluid 
experiences the first Newtonian viscosity (the rjo viscosity at low shear* rate in Figure 2.2).
Nevertheless, owning to its simple form, power law model has been still widely applied to 
describe the shear* thinning behaviour* around the sphere and in interpreting the 
experimental results up imtil recently even by the investigators who questioned its 
reliability and applicability. Missiles et a l (2001) and Whitney and Rodin (2001).
Some experimentalists have employed rheological models that contain zero shear 
viscosity. Slattery and Bird (1961) proposed an empirical equation for spheres in Ellis 
model. Applying the same model, Chhabra et al (1981) obtained much simpler* expression 
that reasonably conelated the data (± 15%), for the conditions range: 1< p <3.22 and 0.10 
< El <141:
Ko =(i + 0.50£/'®5(P-1)“ ®)'‘’”  (2.32)
Moreover, experimental studies have been extended to include the settling of a sphere in a 
Caneau model fluid. In their* previously mentioned paper, Chhabra and Uhlherr* (1980a) 
obtained some experimental results that found to be in good agreement with the 
numerically derived expression of Bush and Phan-Thien (1984), equation 2.29, with 
maximum error* of 10%, Chliabra (1993). Recently, as aforementioned, after* comparing the 
prediction of equations (2.29), (2.30) and (2.31) with experimental data fiom Rodrigue et
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a l (1994), Rodrigue et a l (1996) have recommended the use of equation (2.23) for the 
case of sphere settling in non-elastic Carreau fluids for all values of Carreau number. 
Consequently, from two independent studies, equation 2.23 by Bush and Phan-Thien 
(1984) has been recommended and supported by experimental results.
It is interesting to note that unlike most of the studies caiTied out using power law model as 
a rheological model where the drag conection factor is greater than one, for zero shear 
viscosity-containing models (Ellis and Carreau models), the drag correction factor has been 
shown to be always smaller than unity, Chhabra (1993) and Rodrigue et al (1996). 
Chhabra (1993) emphasised that this is simply a matter of the choice of reference viscosity 
used to define Reynolds number and it does not mean that there is a contradiction between 
the predictions of Ellis and Caneau models and that due to power law model. However, 
two questions may be arise here:
(i) How we can unify the trends of Y with n and To with s in shear thinning fluids 
whose rheology described by power law model and Caneau model, respectively. 
Restated, at creeping regime, where Reynolds number has no influence, and 
bearing in mind that n and s are equivalent, will the drag conection factor increase 
or decrease with decreasing value of the flow behaviour* index?
(ii) More seriously, how we interpreted the results when power law model is applied? 
That is, on the one hand, what explanation can justify the discrepancy between the 
theoretical results and the experimental results? On the other hand, Wliat might be 
the reason(s) beliind the scattered natur e of the experimental results such that thr ee 
trends were observed? This is a confusion which still exists in the available 
literatur e and the recent work of Ceylan et al (1999) is an evidence.
2.4.2.2 Intermediate Reynolds number flow region
In comparison to those canied out at the creeping regime, much less theoretical studies 
exist for the drag force on a sphere in shear* thinning fluids outside the low Reynolds 
number range. Adachi et a l (1973) obtained the drag coefficient on a sphere for one value 
of Rep = 60 in power law fluids with 0.8 < « < 1.0. Due to this narrow range of power* law 
index considered in this study, there is no clear* departure fr om the Newtonian case.
In the power law index range of 0.5 < M < I, and Re’p < 1000, Acharya et a l (1976)
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proposed a semi-empirical equation for the drag coefficient. The foim is complicated and 
can be found in a review by Chhabra (1993). Predictions of this equation were compared 
with some experimental results and found to agree within 30 - 35%.
Recently Graham and Jones (1994) and Tripathi et al (1994) have independently sought a 
numerical solution for this problem using finite element method. In the former study, 
commercial code (Polyflow) was employed whereas in the latter in-house custom codes 
were used, developed by Jaiswal et al (1992). Tripathi et al (1994) have investigated the 
flow of power law fluid over an unbounded spheroidal particle over a wide range of 
particle aspect ratio, from which the sphere is a special case (that is when aspect ratio, 
defined as the ratio of the lar ge axis to the small axis, E - 1 ) .  They presented their results 
in the form of tables, in which they listed the computed drag coefficients over particle 
Reynolds number range of 0.01 < Re'p <100 and power law index range 0.4 < M < 1.
Graham and Jones (1994) have considered both particle settling and particle transport 
(stationary) in a cylindrical tube for two sphere/tube size ratios, namely 1/50 and 1/30. 
These tube sizes are large enough to assume imbounded conditions. The settling case 
results were obtained over particle Reynolds number range of (0.2 < Re'p < 100), whereas 
the transport case over range of (16 < Rep < 100). The range of power law indices in both 
cases varies from « -  0.4 to «=1. It may be appropriate to mention here that in Graham and 
Jones (1994), the characteristic length used in Reynolds number definition is the sphere 
radius whereas Tripathi et a l (1994) have used the particle's diameter.
Using the least-squares regression analysis, Graham and Jones have obtained the following 
expressions for the drag coefficient from their numerical results:
Rep
2 0 .9 (2 )” 0 .2^  Re. (2 )-” <24 (2.33a)
_ 3 7 (2 )"Cg = -■ / y  + 0-25 + 0.36» 24 < Rej,(2)‘" < 100 (2.33b)
R e /
The factor (2)" arises from the use of the sphere radius in Re'p. It should be noted that 
according to Clihabra et al (1999b) these two equations do not reduce exactly to the 
relation for Newtonian fluids.
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Furthermore, it may be appropriate to mention here that in the two studies, both Graham 
and Jones (1994), and Tripathi et al. (1994), have observed an intersection point when the 
drag coefficient values are plotted versus Reynolds number for different values of power 
law index. Below this point, the drag coefficient is above the corresponding Newtonian 
value and increases as power law index decreases. While above this intersection value the 
drag coefficient is found to be below the Newtonian counterpart and decreases with 
decreasing power law index. Tripathi et al. (1994) have anticipated the value to be around 
Rep = l(in terms of particle's diameter). On the other hand, Graham and Jones (1994) 
derived their expression (equation 2.33) based on the fact that this intersection value (or 
crossover point as they called it) is at a particle Reynolds number of Rep = 16  (based on 
sphere's radius). In Figure 2.4 the numerical values obtained by Tripathi et al. (1994) are 
plotted against the predictions of Graham and Jones (1994) expression. The maximum 
difference between the values of the drag coefficients, obtained by both studies, has been 
found to be 15%. This may be explained to the existing of wall effects in Graham and
IwIs
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Figure 2.4: Comparison o f the drag coefficient for a sphere in a flow o f shear thinning 
power law fluids outside creeping flow regime: The symbols: Tripathi et al. (1994); the 
lines represent the predictions obtained by equation 2.29 o f Graham & Jones (1994), in 
their range o f applications.
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Jones (1994), It may be interesting to note that this crossover point appears to be the same 
from both studies and it is roughly at Rcp = 4.
At liigh Reynolds number (outside creeping flow) the improvement in the agreement 
between the numerical predictions and the experimental results has been obseiwed Cliliabra 
and Richardson (1999). This may be attributed to the fact that at this high Reynolds 
number region, the influence of non-Newtonian characteristics diminishes and the inertia 
effects become the more dominant. In addition, in their papers, both Graham and Jones 
(1994) as well as Tripathi et al. (1994) have provided a comparison of the numerical 
predictions with some published experimental results. The match is seen to be reasonably 
good in both studies even though the experimental sets used in both ar e different fr om each 
other. Very recently Chhabra et al. (1999b), have recommended the use of equation 2.33 
for estimating the drag coefficient over their range of applicability.
Moreover, it may be worthwhile to mention here that in 1990, Chhabra examined five 
experimental investigations with data base contains about 460 individual data points 
embracing Reynolds number range of 1 < Re’p < 1000 and power law index 0.535 < « <1.0 
for purely shear* tliinning fluids. He showed that the drag coefficient results in power law 
liquids at this intermediate Reynolds number range can be corTelated by the standard drag 
curve of Newtonian fluids for most of the data points with deviation greater than 35% for 
20 data points only. Therefore he suggested the use of the standard drag curve as a good 
approximation for the drag coefficient. However, Graliam and Jones (1994) argued that 
their equation (equation 2.33) gives better predictions for the drag coefficient in power law 
fluids than the standard curve especially for low values of power law index, where the 
depai*tui*e from tlie standar d drag curve is serious and readily observed.
Using another shear thinning models Dallon (1967) and Chliabra and UhlheiT (1980b) 
developed expressions by using Ellis and Carreau models respectively. Both expressions 
are complex and can be found in Clihabra (1993). The Ellis model based expression by 
Dallon (1967) is complicated to use as it contains many parameters and involves lots of 
assumption. It is also found to give inadequate predictions when compared with 
experimental data, see Chhabra (1990). By using a dimensional approach, Chhabra and 
UhlherT (1980b) extended empirically the Schiller and Naumann formula for Nevrtonian 
liquids to shear* thinning liquids whose rheological behaviour can be described by Carreau
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model. Because of its empiricism nature, Chliabra and Uhllien* recommended their 
expression only over its range of applicability. The authors shoived that the expression 
predicts the drag correction factor with a maximum deviation of ±14%.
2.4.2.3 Pressure and friction contributions
It is common practice in fluid mechanics to identify the contributions of the pressuie (or 
sometimes called the form) and the viscous (or sometimes called friction) forces to the 
total drag force acting on a paiticle. Understanding the variations of these two 
contributions will undoubtedly gives better pictuie of the total drag vaiiation. hi spite of 
this fact, there have not been many studies about the influence of pure inelastic slieai* 
thinning behaviour on those contributions, Adachi et a l (1973) reported the values of the 
pressure and friction coefficients, but for limited range of flow behaviour index, namely 
0.8 < « < 1 and for one value of Rep = 60. In his prominent review, Chhabra (1993) listed 
the values obtained by Jaiswal (1991) that encompass the ranges 0.1 < Re'p < 20 and 0.2 < 
n < 0.8. Jaiswal (1991) results seem to suggest that at Re'p = 0.1, the pressure drag 
increases with decreasing n, whereas the friction drag increases as n decreases from 0.8 to 
0.6 then drops witli decreasing n. At liigher Rcp, the results of Jaiswal (1991) and those of 
Adachi et al (1973) showed that the pressuie coefficient increases and the friction 
coefficient decreases with lowering n. This is inline with those of Tripathi et a l (1994) 
who presented their values in a form of plots of the ratio of pressuie coefficient to the 
friction coefficient versus particle Reynolds number for selected values of n. They 
observed that this drag ratio increases with Reynolds number and it is higher for lower n 
value. Up to author's best knowledge, no attempt to explain the total drag trends by the 
trends of its contributions was found in the open literatuie.
2.5 The drag on a bounded single spherical particle
The proximity of solid walls exerts an extra retardation that undoubtedly will affect the 
velocity distribution in the liquid. This retardation is caused by the upward counterflux of 
liquid, which balances the downward flux of the solid and that of the dragged down fluid. 
Clearly the smaller the area available for the counterflux, that is the smaller tlie container 
cross section to the paificle size, the more important the phenomena is. This undoubtedly 
influences the hydrodynamic drag force imposed by the liquid on the particle. The extent
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of wall effects is quantified by introducing a wall correction factor. Various definitions are 
available in the literature for this factor, Clift et a l (1978) and Happel and Brenner (1965).
Generally speaking the wall effects are normally taken into accoimt by a wall correction 
factor, K, defined as:
^  _  Drag Force in a boimded fluid _ ^
Stokes Force (in unbounded fluid)
where the Stokes drag force Fost is the drag force calculated by Stokes formula (equation 
2.10) using the appropriate definition of the reference viscosity. On the experimental side, 
another definition of the wall conection factor, /  is introduced to account for the wall 
effects. In this case, the teiminal settling velocity observations were made with a range of 
cylinder diameter and results extrapolated to the case of the infinite cylinder diameter, that 
is for a/R ~ 0, Chhabra and Uhlherr (1980c) and the wall conection factor is defined as:
y. _ Particle termnal velocity in bounded fluid _
Particle tennnal velocity in unbounded fluid
For the creeping flow of Newtonian fluids, K  is the reciprocal of f. For shear thimiing 
fluids ivith power law model as a rheological model, the relationship between the two 
factors at this slow flow region can be readily shown to be:
Again Y  is the unbounded di*ag correction factor for a power law fluid and K  is the 
corresponding value at specific value of a/R in the same power law fluid.
At higher Reynolds number, the relationship between the two factors {K and f)  becomes 
more complicated. In general, the wall effects are expressed in terms of any of these ratios 
as a function of the geometric parameters, Reynolds number, and some other groups 
emerge fr om the rheological model being applied.
The geometric parameter that should be considered for flow around a single bounded 
particle is the size ratio of the characteristic length of the particle to that of the system. For 
a sphere inside uniform tube, the size ratio defined as the radius ratio of the sphere to that 
of the tube, a/R. It has been shown that even for small size ratios the wall effects are
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influential. For example, for a/R = 0.08 the eiTor of 20% can be introduced if the wall 
effects have not been taken into account. Wham et al. (1996).
The estimation of the effect of suiTOunding container walls on the drag on a sphere has 
attracted much attention particularly when it moves along the centreline of a stationary 
cylindrical tube. In fact, this problem has been recommended as a benchmaik problem to 
validate some viscoelastic rheological model or numerical codes, Mutlu et al. (1995). 
Other boundaries, such as, rectangular, square, and triangulai* conduits have also been 
considered but to a much lesser extent, Chhabra (1993). Very recently, Feng and 
Michaelides (2002) have used the Lattice Boltzmann method (LBM) to calculate the total 
hydrodynamic force acting on a rigid sphere settling inside rectangular prisms.
It may be appropriate to emphasis here that for a sphere inside a tube, there are two 
distinguishable cases, namely, a settling sphere in a quiescent fluid and a stationary sphere 
in a moving fluid. The wall correction factors for both cases are different especially at 
large size ratios a/R > 0.1, as we will see in subsections 2.5.1 and 2.5.2. In addition, the 
majority of the work in this area has dealt wiüi the settling sphere case. By contrast, the 
stationary sphere case has not received the same level of attention especially when the fluid 
is shear* thinning.
2.5.1 Wall correction factor* for settling sphere
The effects of the containing walls of a tube on the motion of a settling sphere falling along 
its centreline has witnessed remarkable amount of attention in the last three decades. The 
imderlying theory for Newtonian fluids is well established, but the literatme for* shear 
thinning fluids is much less extensive, especially from theoretical standpoint.
2.5.1.1 Newtonian fluids
Since the work of Faxen, Happel and Berrmer (1965), several expressions have been 
developed to estimate the drag force on a settling sphere over wide range of size ratio a/R  ^
Happel and Berrmer (1965), Clift et al. (1978), Chhabra (1993), Lareo et a l (1997). 
Haberman and Sayre (1958) developed an analytical solution for* K\ that is based on a 
trimcated polynomial series that satisfy the Stokes equations and the appropriate boundary 
conditions. They thereby obtained the following in the creeping flow limit:
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^1 = 1.0-0.75857 a
■
1.0-2.1050 a + 2.0865 - -1.7068UJ UJ V + 0.72603(fj (137)
Also, using a method of reflections, Bohlin (1960) derived the following:
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Besides these analytical studies, numerous empirical equations were proposed. One of the 
most acceptable empirical expressions available in the literature is that of Francis (1933). 
This empiricism is too restricted to the creeping flow conditions and is given by:
i - W (2.39)l-0.475(a/S)_
Fidleris and Whitmore (1961) carxied out experiments and obtained data for K\ up to a/R = 
0.6. Their values at creeping regime were found to be lower than those of Haberman and 
Sayre (1958) by several percent especially at higher size ratios. Happel and Bernner (1965) 
attributed this to the end effects. On the other hand, Chhabra (1986) compared the 
predictions of the analytical expression of Haberman and Sayre with his experimental data 
obtained using long tubes and excellent agreement was obtained.
From the numerical side, up to the author's knowledge, one of the early nmnerical 
investigations which covers large range of size ratios is that of Bowen and Sharif (1994). 
In their recent paper, the authors have used finite element method to evaluate the wall 
conection factors for the drag exerted on spheres in cylindrical pores as applied to 
membrane separation processes. The results were presented in the form of plots of the drag 
correction factor, defined in similar way to that given by equation 2.34, as function of the 
size ratio. Very good agreement was obtained between their numerical results with the 
analytical values of Haberman and Sayre (1958).
More recently. Wham et a l (1996) have employed finite element to simulate Newtonian 
flow about solid spheres in a tube talcing into account the inertia and wall effects over size
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ratio of 0.08 < a/R < 0.7. For a settling sphere in creeping conditions, the authors compaied 
their numerical drag correction factor values with the predictions of several existing 
correlations. They have suggested the correlation due to Haberman and Sayre (1958) as the 
best available in the literature. However, for very narrow tubes, more precisely for a/R > 
0.7, Haberman and Sayre expression was shown to break down. Wliam et al. (1996) have 
also demonstrated that in comparison to unbounded case, the creeping flow assumption 
holds over a lai ger range of particle Reynolds number.
Outside the creeping flow conditions, Fayon and Happel (1960) reported a semi-empirical 
equation for the wall correction factor as a function of Reynolds number as follows:
1 + CDca
K^ DSt
1 (140)1-2.105 (a/R) +2.087 {a/R f
where Cost is the diag coefficient based on Stokes formula (equation 2.10), and Cd<x> is the 
actual drag coefficient of the sphere in an unbounded medium. Experimental data for Cdoo 
were taken from Peny (1963). This conelation was originally developed up to particle 
Reynolds number of order 50. Clift et al. (1978) reported two more expressions, the first is
for 100 > Rep > 10 and o/F <0.6
1 -1 .6 1 ^
1.6 \
(2.41)
whereas the second is for Rcp >10^ and a/R < 0.92
1 + 4.5
V R
1 - R (2.42)
Cleai'ly both expressions indicate that at high Reynolds number wall effects aie 
independent of particle Reynolds number.
The aforementioned numerical study of Wham et al (1996) is found to be the only 
comprehensive work that considered the combined effects of the inertia and the wall. In 
this recent investigation, the authors solved the momentum and continuity equations for the 
settling sphere case over the range of 0 < Rcp ^ 50 (Rep = 100 in terms of paiticle radius) 
and 0.08 < a/R < 0.7. Based on their numerical values, they have developed Habennan and 
Sayre expression to account for the inertia effects. The expression is complicated, hence 
not shown here. Wham et a l (1996) compared the predictions fi'om their expression with
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the above empiricism of Fayon and Happel (1960). Significant discrepancy appears 
between the two, more than 10% in most cases.
Furthermore, recently Di Felice (1996) has used an analogy between a single sphere in 
tube and multipaiticle suspension to derive relationship for the drag on a single sphere in a 
uniform tube. The derived empirical equation is supposed to predict the wall conection 
factor (/) over wide range of Reynolds number. The equation seems to give reasonable 
predictions at low and high Reynolds number. However, at intermediate Reynolds number 
region, unacceptable predictions were obtained.
2.5.L2 Shear thinning fluids
Most of the early theoretical studies for shear* thinning about spheres available in the open 
literature, including those mentioned in the previous reviews, have dealt with the 
unbounded sphere. The early investigations of Kawase and Ulbrecht (1985) and Gu and 
Tanner* (1985) considered the sphere motion in a spherical domain of power law fluid and 
reached a conclusion that wall effects are less severe in power* law fluids than in 
Newtonian fluids. Chhabra and UhlherT (1980c) investigated the wall effects in creeping 
flow of power* law fluids and proposed the following empirical equation covering the range 
of 0.53 <n<  0.95 and up to diameter ratio of a/R = 0.5:
/o  = —  = 1 -1 .6(a/ F) (2.43)0^0
where V and K» are the measured terminal settling velocity in a bounded fluid at size ratio 
a/R and the terminal velocity in unboimded fluid, respectively. The subscript 0 is added to/  
to differentiate it from that at higher* Reynolds number as will be seen later. From this 
empirical equation and equation 2.29, one can conelate the drag correction factor of a 
sphere in an unbounded shear* thinning power law fluid, 7, to the wall correction factor on 
a sphere in the same, but bounded fluid, K\, by:
Y
Very recently, Missirlis et al. (2001) have numerically investigated the wall effects on the 
motion of a sphere in power* law fluids using both finite element and finite volume 
methods. The numerical values from both techniques are consistent and suggested that as 
power law index decreases (that is, as the fluid becomes more shear thinning), the drag
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ratio increases and then decreases. They have compared their results with the findings from 
the empirical of Chhabra and UhlheiT (1980c) and fairly good match were obtained. 
However, with reference to the original paper of Chhabra and UhlheiT (1980c), some of the 
properties of the fluids (in paiticular some values of power law index) over which the 
comparison was established are not available. This raises concern regarding the validity of 
the compai'ison. In addition. It may be worth to point out here that Missirlis et al (2001) 
have considered only the creeping flow regime. In their aforementioned numerical 
investigation, Graham and Jones (1994) considered higher Reynolds number regime by 
studying the settling of a sphere in a cylindrical pipe filled with shear thinning fluids as 
applied to oil-drilling fluids. However, as mentioned earlier, they have studied over limited 
and small size ratio range {a/R = 1/30 and a/R = 1/50), which can in fact be considered to 
be unbounded.
Moreover, for higher Reynolds number, Clihabra and Ulilhen* (1980c) also concluded that 
the wall factor reached a constant value independent of Rep and given by (for a!R <0.5):
/ » = - ^  = 1 - 3 ( 0 / # ’ (2.45)0^0
where fr, is the wall correction factor (based on settling velocities). However, it is found 
that the value of particle Reynolds number at which f r  becomes independent of Re’p is 
different for different size ratios and strongly dependent on a!R. Thus, for instant, for a!R 
= 0.1, it is at Rep ~ 50 whereas it is at Re'p ~ 1000 for a!R = 0.5. For the intermediate 
paiticle Reynolds number tiansition range, the authors suggested:
where fr  and are obtained by equations 2.43 and 2.45 respectively.
2.5.2 Wall coiTelations for stationaiy sphere
In the literature, this problem has been refeiTed to as a stationary sphere in moving liquid, 
Habeiman and Sayre (1958), or sphere transport, Graliam and Jones (1994), or fluidised 
(suspended) sphere, Wliam et al (1996). The unbounded Stokes diag force in the 
denominator of tlie equation 2.30 is calculated using the maximum in-tube velocity, which 
is at the centreline Vcl •
44
Cliapter 2: Literature Review
Unfortunately little information exists on the drag on a stationary sphere in a tube. 
Haberman and Sayre (1958) result for this case under conditions of creeping flow is:
1.0-f - I  -0.20217\R
a
\~Rj
1.0-2.1050[U  ( Y '+ 2.0865 -1 .7 0 6 8 1 -1  + 0 .72603f-^
-1
(Z47)
Careful inspection of both expressions of Haberman and Sayre (1958) shows that equations 
2.37 and s 2.47 are only different in their numerators.
Bohlin (1960) derived another analytical expression as:
1 - 33 0
/  \3 /
1628 — -0.4059 — + 0.5236 +
(2 48)
Here Kj is calculated using equation 2.38. For the same ranges of Reynolds number and 
size ratios, Fayon and Happel (1960) obtained for the stationary sphere case:
K2 = 1 -  2.105 («/;?)+2.087 (o/7?y +
Deo _
K'^Dst y (2.49)
The terms appeal* in 2.49 have the same definitions as those in 2.40.
In their aforementioned recent numerical study. Wham et al (1996) has also considered 
the stationary sphere case. Again they have shown tliat Haberman and Sayre analytical 
equation is the best available in the literature for creeping conditions. As for case of the 
settling sphere, based on their numerical values, they developed a complicated equation as 
extension of Haberman and Sayre to account for tlie inertia.
Moreover, it may be more interesting to estimate the drag of a moving sphere within a 
moving fluid. This case is frequently encountered in a vaiiety of chemical and processing 
engineering such as the separation by membrane processes, Bowen and Sharif (1994). 
Some authors developed a solution for this case that is a combination of tlie settling and 
stationary spheres cases. Haberman and Sayre (1958) as well as Bohlin (1960) estimated 
the drag force on a moving sphere within a Poiseuille flow of a Newtonian liquid as a 
combination of the drag due to the settling of the sphere in a stagnant liquid and the di ag
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due to the motion of the liquid in the tube past on a stationary sphere. In this case, the drag 
force is expressed as:
(2.50)
where Vco is the particle terminal settling velocity in a unifoim tube within a moving liquid 
with a maximum velocity at the centreline of Vcl- The expressions for Ki and K2 are those 
stated above.
Fuithermore, A suivey of work in tliis area clearly shows that the creeping flow of shear 
thinning fluid past a stationary sphere situated on the central axis of a miifonn tube at finite 
size ratio (a/R >0.1) has not been considered. Graham and Jones (1994) investigated this 
problem but for higher Reynolds number and using relatively small size ratios (a/R =1/30 
and a/R = 1/50). They compaied their results for this case with the predictions of their 
equation (equation 2.29) for settling sphere case. They observed that the diag coefficient 
for a stationary sphere always higher than those for the corresponding settling case. They 
also argued the applicability to use their results for larger size ratios, namely (a/R >0.1).
In addition, Flow in a converging tube represents an ideal model for many frequently 
encountered engineering situations such as nozzles, gradual expansions and contractions 
and axisyrnmetric jets. It is also of great importance in processes concerned with polymer 
processing, such as the converging dies. It should be added here that a simple inspection of 
the most recent surveys clearly shows that most of the available literature on the wall 
effects on the drag force acting on a bounded particle is related to the case of uniform 
straight tube, Chhabra (1993) and Lareo et a l (1997). Indeed, to the best of the author's 
knowledge, there are no calculations available for the drag force experienced by a sphere 
inside a tapered tube, even for simple Newtonian fluids. The closest work is that of Bowen 
and Shai'if (1996) who obtained the wall conection factor for a sphere approaching a 
contraction in a cylindrical tube. They calculated the hydrodynamic drag force on a sphere 
at various distances from a cylindrical pore in a planar* surface and showed that it increases 
and reaches a maximum value when the sphere is completely inside the pore.
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2.6 Summary and concluding remaries
1) As pointed out in the beginning, the hydi'odynamic stresses aie normally expressed in 
terms of a drag coefficient. That is why the literatuie on the drag force expressions has 
been reviewed. For more reliable treatment to estimate the hydrodynamic drag force 
that a liquid imposes on a sphere, it is important to review and access the importance of 
the factors that influence this force.
2) The above named factors (in § 2.2) are only tlie most relevant variables and certainly 
there aie some other variables, which affect the system. Therefore, fiom practical 
standpoint, investigations into the motion of a paiticle in shear thinning fluids have 
been conducted in the past towai'ds understanding these most relevant and important 
vai'iables.
3) The main conclusions that can be diawn fiom reviewing the literature on the drag force 
are as follows:
• Literatuie on the drag force on a spherical particle settling in uniform flow of 
unbounded Newtonian fluids is enonnous and it is safe to add that it covers most of 
the cases of practical interest. There aie many reliable expressions which are purely 
empirical, Khan and Richai'dson (1987), theoretically approximated such as Oseen's 
approximation, or numerically derived, for example Alexander and Morsi (1972). The 
agreement between all these studies was regaided to be satisfactory (within ±5%).
• For the inelastic shear thinning case, solutions aie obtained for the drag on a particle 
both experimentally and theoretically. It is found that the simplest approach to account 
for the shear thinning rheological behaviour is by intioducing a drag correction factor. 
On the experimental side, there is a large body of experimental data. On the other hand, 
valions approximations have been used to solve the governing equations including 
variational principles, perturbation/ lineaiisation approximations, and numerical 
methods. Among the three approaches the first has been used most extensively, 
followed by tlie second, and recently, there has been a significant increase of the third. 
The numerical simulations have been shown to be a very important and useful tool for 
estimating the enhanced drag and more easily to carry out than very complex analytical 
procedure. Numerical simulations aie free fiom the restrictions needed to apply the 
perturbation theories. One more advantage of the numerical analysis is the fact that
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they aie applicable over a wider range of the flow behaviour index unlike the other two 
approaches, which are restricted to mild sheai* thimiing behaviour. Further, they aie 
applicable for higher Reynolds numbers range. However, they are not generally 
sufficient in themselves, and it is always helpful to supplement numerical analysis with 
analytic (or experimental) investigations of the same problem.
The drag characteristics on a rigid sphere in relative motion with shear thiiming fluids 
is complicated by the non-Newtonian behaviour of these fluids, that is their shear rate 
dependent viscosities. From theoretical point of view, the viscosity affecting the drag 
force should be that of the fluid envelope smi’ounding the sphere and this viscosity 
depends on the sheai* rate distribution aiound the sphere. Unfortunately, obtaining a 
general analytical equation for shear* rate distribution in non-Newtonian fluids seems to 
be darmting task.
The flow in shear thirming time independent fluids around a sphere has been 
investigated extensively, albeit the majority of efforts have been directed at creeping 
flow region with power* law as rheological model. A main reason for this probably 
relates to the fact that power law model provides the simplest representation of shear 
thiiming behaviour*.
All the investigators have asserted that the drag coefficient shows an extra dependence 
on the power law index in addition to that accoimted for by using the modified 
definition of the Reynolds number. That is in creeping flow regime, the drag correction 
factor, T, is a function of power law index only. It is worth noting that this functional 
dependence of drag coefficient on the modified Reynolds number and power law index 
is based on dimensional analysis only.
There is a clear* disagr eement in the values of the drag correction factor, 7, obtained 
from different theoretical studies with many expressions have been proposed. 
However, at the numerical end of this problem, there are six investigations and good 
agreement between the values was obsei*ved. This shows the usefulness of applying the 
numerical simulation to solve the problem undertaken.
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The agreement between the theoretical studies, including the numerical investigations 
and the experimental results is not satisfactory. The agreement shown in the reported 
literature may have been always fortuitous, Chhabra et al (1980).
Despite the disagieement mentioned previously in the literatuie on the values of the 
drag correction factor 7, all the aforementioned investigators have asserted that for a 
specific value of power law index, «, there is a unique value for this factor in the 
creeping flow region. However, very recently Ceylan et a l (1999) argued that at this 
flow region, the drag conection factor does not remain constant for a given power law 
index. They have given three expressions for three different regions of Reynolds 
number. Their work highlights the confusion and the contradictory trends especially in 
the experimental side of the literature previously reviewed by Chhabra (1986, 1993) 
and recently by Laero et a l (1997). Part of the aim of the cunent study is to remove 
this ambiguity in this work.
It may be worthwhile mentioning here that the inability of power law model to predict 
constant viscosity in the limit of vanishingly small shear rate is found to be the possible 
main reason behind the literature disagreement. Reynolds and Jones (1989) have 
demonstrated this shortcoming. They showed experimental evidences that the power 
law model gives a good approximation for the di'ag on the sphere provided that the 
localised shear rate created by the sphere is within the shear rate range over which 
power law model holds. That is only when the shear rate aiound the sphere is in the 
power law region of the viscosity-sheai* rate flow behaviom* and away from sheai* rates 
correspond to po viscosity (refer to Figm*e 2.2). In this study, the Spriggs truncated 
power law model is applied with the hope that using such model will remove the 
micertainty regaiding the effect of power law index on the drag conection factor.
Although the investigators in the field aie aware of the inadequacies of power law 
model, they still apply it to interpret the flow of pseudoplastic fluids around a spherical 
particle up mitil very recently, Missirlis et al (2001). This may be justified simply by 
the fact that for flow of complex fluids, investigators may stai*t somewhere, so they 
start with simple models, with the hope that their analyses will point the way to a later 
consideration of more complex and also more realistic models. At the same time, the
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simple model analyses can throw considerable light (in a qualitative sense at least) on 
the flow field and stress field in complex geometries of practical importance.
Using zero shear viscosity containing model (such as Ellis or CaiTeau model) always 
gives rise to reduction in the drag coefficient below its Newtonian counteipart. 
Chhabra (1993) emphasised that this is simply a matter of the choice of reference 
viscosity used to define Reynolds number and it does not mean that there is a 
contradiction between the predictions of Ellis and Caneau models and that due to 
power law model. However, the two questions, previously mentioned in page 30 
remain unanswered. The first is regaiding the influence of behaviour index. Bering in 
mind that the flow behaviour* index in power law model and Carreau model are 
equivalent, Abdel-Klialik et al. (1974), how will the drag correction factor vary with 
this index? Will Y increase with decreasing value of the index (as it is the case for most 
of the studies which used power law model). Or will it decrease with decreasing value 
of tlie index as evident by most of the studies that model the shear thinning behaviour 
using CaiTeau model index? The second question is how we can explain the 
discrepancy between the theoretical results and the experimental results when power 
law model is applied? One of the objectives of the present study is to seek answers for 
these two questions?
Very little information exists for the drag outside creeping flow conditions. The 
numerically developed equations by Graham and Jones (1994) have been shown to 
conelate the data within 15%, Clihabra et al. (1999b). Moreover, after a critical review 
of the experimental end of the literature, Chliabra (1990) suggested the use of the 
standard drag curve for Newtonian fluids. This may be attributed to the fact that at high 
Reynolds number, the effect of shear* thinning viscosity starts to diminish.
It is worth noting that both the power law modified Reynolds number and Reynolds 
number based on zero shear* viscosity are independent of the shear* rate. For viscosity- 
shear rate dependent fluids, it may be preferable to count for* the shear rate on the drag. 
In this work, first tries along this line were carried out by introducing a dimensionless 
shear* rate (will be defined in the following chapter).
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The determination of the wall effects is important for better estimate of the total 
hydrodynamic drag force on a spherical particle. These effects are quantified by wall 
coiTection factors of different definitions. For Newtonian fluids, there are many 
analytical and empirical correlations, the best of which is found to be that analytically 
derived by Habeiman and Sayre (1958). By contrast, the wall effects in shear thinning 
fluids have not received the same level of attention. The settling of a sphere in creeping 
flow of sheai* thinning fluids inside uniform tube have been just recently investigated. 
However, the shear thinning behaviour' was described using power law model, which 
has been criticised and doubted. In addition, settling at higher Reynolds number, which 
is more impor*tant for practical aspects, has not been considered. One of the goals of 
this investigation is to study the drag force imposed by shear thinning fluids on both 
the settling sphere and the stationar y sphere over a wide range of size ratios.
No results are available for the flow of Newtonian and/or shear' thirming fluids past a 
sphere in a tapered tube. One main objective of the current study is to fill par't of this 
gap in the literature by investigate the effects of the characteristics of such complex 
geometry on the dr ag force acting on a spherical particle.
Finally, very few investigations describing the total drag behaviour in terms of its main 
contributions (pressure and viscous forces) were found in the literature particularly 
witli inelastic shear' thinning fluids. These two components can vary with shear 
thimiing in different ways. To get a better understanding of the drag phenomena, this 
study attempts to explain the total drag variation as a sum of the variations in the 
pressiu'e and viscous drags. For most cases considered here, the average pressure and 
viscous coefficients as well as the local pressure and wall stress variations will be 
presented.
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3. MATHEMATICAL FORMULATION AND THE GOVERNING 
EQUATIONS
3.1 Introduction
The steady flow of a fluid over a spherical particle can be described by the knowledge of 
the position and movement of the elements of the fluid at any time, and this can be 
achieved by means of a differential system of equations. These equations are independent 
of the nature of the material that flows over the particle. The basic equations under 
consideration are those derived flom the conservation of mass and momentum. In section
3.2 we recall these equations and introduce their dimensronless forms related to the 
physical statement of the problem undertaken.
Furthermore, it is well known tliat for the governing equations to fully describe tire motion 
of a fluid, knowledge of constitutive equations relating the stress tensor to rate of 
deformation (sometimes called strain-rate or simply shear rate) tensor is required. While 
one equation describes all Newtonian fluids, no single constitutive equation describes all 
non-Newtonian fluids. In the open literature, there are many models to describe the 
behaviour* of shear thinning inelastic time independent fluids. However, as mentioned in 
the previous chapter, only three models have been used extensively for the problem of flow 
aroimd a spherical parflcle, namely, power law model, Ellis model, and Carreau model. In 
this study, the Spriggs truncated power law model. Birds (1987), is applied. Section 3.3 
describes the constitutive equation for this study the Spriggs truncated model.
In addition, in this tliesis three problems are considered. The first deals with the steady 
settling of a sphere in infinite extent of tire fluid (imbounded). The second problem deals 
with the steady relative motion of a rigid sphere along the axis of a uniform straight wall 
tube. Both settling and stationary sphere cases are investigated. The third problem deals 
with a spherical particle positioned in a converging circular* (tapered) tube. Due to the 
reason, which will be mentioned later in this chapter, only the case of the stationary sphere 
is considered in this geometry. Section 3.4 gives brief descriptions of these problems. The 
boundary conditions as applied to each problem are prescribed, and then the mathematical
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description is presented.
When a particle is immersed in a fluid and is in relative motion with respect to it, the drag 
force is defined as that hydrodynamic force acting on the particle as a result of the 
differences in the local pressure and velocity flelds in the direction of the relative motion. 
The variations in the distribution of the pressure and velocity flelds over the particle's 
surface aie responsible to the two known components of the drag, namely, the form drag 
and the skin friction drag, respectively. More insights into the diag phenomena, the drag 
components and the diag force calculations aie provided in Section 3.5.
Moreover, in Section 3.6 the dimensionless quantities that have been used to characterise 
certain aspects of the problems considered in this work are defined, for example, particle 
Reynolds number, wall coiTection factor, etc.
3.2 Governing Equations
The fundamental physical laws governing the motion of a continuous medium such as a 
fluid under isothermal and isotropic conditions aie described by the equations of 
conseiwation of mass and momentum. These equations can be expressed in terms of a 
primitive-variable foiinulation (normally velocity and pressuie terms), stieam function and 
vorticity formulation, or stream function foiinulation, Peyret and Taylor (1983). Each of 
the tlnee foims has its advantages and disadvantages, Cuvelier et al (1986). The choice of 
a particular set of dependent variables relies on the problem under consideration. The 
present study is based on a primitive-variable formulation of isotropic incompressible 
isothermal Newtonian and Non-Newtonian fluids flow (FLUENT 5 User's Guide, 1998).
3.2.1 Conseiwation of Mass
The mass conservation equation, usually known as the continuity equation, may be 
obtained by applying the law of consei*vation of mass to an infinitesimal control volume 
within a flowing fluid. In conventional vector notation it may be wiitten as. Bird et a l 
(1960):
^ + V - ( p v ) = 0  (3.1)
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where p is the local density of the fluid, the vector v is the velocity vector, V is the gradient 
operator and ^  is tlie substantial derivative operator.
For an incompressible fluid, which has constant density, equation 3.1 simplifies to:
V.v = 0 (3.2)
3.2.2 Conservation of Momentum
The equation of conservation of momentum may be obtained by applying the Newton's 
second law of motion to a differential incremental volmne of a flowing fluid. The change 
of momentum per unit time within an infinitesimal contiol volume of fluid under 
consideration is equated to the resultant external forces exerted by the suiToundings on the 
control volume. The resultant forces aie divided into two pails: body forces, of which 
gravity is example, and suiface forces. For incompressible flows, the surface forces are 
mainly due to an isotropic pressure and stress tensor. This leads to the Navier-Stokes 
equations of motion. In vector form, these may be written as. Bird et al. (1960):
V(x)-Vp+ pg (3.3)
Here p is the isotiopic pressure tensor, x is the stress tensor and g is the gravitational 
acceleration vector.
The equation (3.3) can be expanded by using the expression for the substantial derivative 
operator. Equation (3.3) may be reaiTanged as:
p -^ =  V(x)- pv.Vv-Vp + pg (3.4)
3.2.3 Dimensionless fonn of the equations
To characterise the flow simulation, dimensionless quantities of the vaiiables denoted by 
asterisks are defined as follows: 
x = x*L y = y*L z = z*L
v ^ = v * F  Vy=VyF V, =v*F
t = t ‘ —  p = g = 11=-n*llre/tire/ L r p
where T is a characteristic length, F is a chaiacteristic velocity and T|re/ is a constant 
reference viscosity. For the flow around a particle, the characteristic dimension of the
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particle and the relative slip velocity between the particle and the fluid are the natural 
choices for L and F, respectively. If the particle is spherical in shape then L is taken to be 
its diameter. The characteristic viscosity is different according to the constitutive model 
being used. For the cuirent study the power law model viscosity, given by equation 2.13, is 
taken as the fluid reference viscosity.
The scaled non-dimensional form of equation 3.4 for a generalised Newtonian fluid may be 
expressed as:
^  = V(t]Vv ) -  Re (v.Vv)- Vp + g (3.5)
where, for the sake of claiity, the * notation has been dropped at this stage.
Alternatively dimensionless quantities of the variables may be defined by:
X = X* L y = y*L z = z*L
* rr * Tr * rrv ^ = v ^ F  Vy=VyF Vz
. L *7.2 * *t = t ÿ  P = P ^ P g = g —  P='n'Hre/
This leads to an alternative, and probably more familiar, foim for the equations of motion 
as follows:
~  = — v (r |V v )-v .V v -V p + g (3.6)at Re  ^  ^ ^
In equations (3.5) and (3.6), Re, the so-called Reynolds number, is the ratio of the
convection (inertia) to viscous terms of the fluid and is given by:
Re = r t ^  (3.7)
Reynolds number as applied to the flow around a spherical particle is further described in 
section 3.6.
In the present study, we are dealing with steady-state flow, therefore the term on the left- 
hand side of the equation 3.6 is zero. Also, the static simulation is considered here, hence 
the body forces, mainly the gravity tenn, may be cancelled. Equation 3.6 becomes,
v.Vv = ^  v (t|Vv) -  Vp (3.8)
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Furthermore, it may be appropriate to add here that the coordinates and velocity 
components have been expressed in Cailesian system. Other coordinate systems, namely 
cylindrical or spherical, can be used in a similar way. Bird et al (1960).
3.2.4 Axisymmetric form of the Equations
Let us consider the flow caused by the steady-state motion of a sphere moving along the 
centieline of a cylindrical tube of mfinite extent with straight or tapered walls filled with 
an incompressible fluid. Due to symmetry, the flow can be assumed to be two-dimensional 
axisymmetric and the flow variables do not vary with the azimuth angle 0. Since the 
variations with respect to 0 are zero, the velocities in tliat direction is also zero. For two- 
dimensional axisymmetric flows, the axial direction (distance along the axis of the 
cylinder) is given by z, and the radial direction (distance measured radially from the axis of 
the cylinder) is given by r. In conventional notation, the dimensional forms of 
conservation of mass and momentimi equations for a motion of an incompressible fluid 
past a particle under isothennal steady state conditions for axisymmetric problem can be 
written as:
^  + L  + ^  = 0 (3.9)5z r ôr
T f  r)V f )V \ = 0 (3.10)dz dz dz  r  ^ 5r  ^ dz j
{ AT/ AT/ A
#  + ^  + ^  + ( T ,r - T e e ) / r - p k 4 ^  + l^z4r- = 0  ( 3 U )y6r dr dz  ' " I ' 0r  ^ dz
where z and r are the axial and the radial co-ordinates, v = (Fz, Fr) is the fluid velocity, p is 
the fluid pressure, p is the fluid density. The hydrodynamic viscous stresses x ai*e given by 
the following equation:
aF. .  aF, _ F raF aF^ i= 2 r i , ^ ; X^ = 2 r i , X g g  = 2r|,. —  ; x^  ^ = ^  + (3.12)ar ' d z  ' r ar dz
The viscosity function used in the present study is given in section 3.4 below.
3.3 The Spriggs truncated power law model
A constitutive equation represents the mathematical statement of some assumptions 
concerning the physical behaviour* of the material, or more generally, of class of materials.
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It is a relationship that allows stress to be calculated as a function of the kinematic 
variables and ultimately as a function of the shear* rate. For shear* rate viscosity dependent 
fluids, the value of shear* stress at any point within a shear ed fluid is only dependent on the 
curTent value of shear* rate, y.
As aforementioned in Chapter* 2, power* law model has been used quite extensively to 
describe the rheological behaviour* of shear*-thimiing inelastic fluid due to its simplicity. 
However, a disadvantage of this model is that it gives unrealistic predictions of infinite and 
zero values for* the viscosity in the limits of very low and high shear* rates, respectively. 
Theoretically, the viscosity affecting a par ticle settling in a shear* thirming fluid should be 
that of the fluid envelop surroimding the par*ticle. This viscosity depends on the shear rate 
distribution around the particle. The effective shear rate generated by the relative motion of 
the spherical par*ticle with respect to a fluid was found to vary from very low values to 
higher values over* the sphere's surface, Chhabra (1993). In creeping flow conditions, this 
becomes quite serious as tire fluid over the sphere's surface tends sometimes to experience, 
or within, a viscosity that is equal to zero shear* viscosity, Reynolds and Jones (1989). 
Chliabra (1993), as mentioned previously, have doubted the reliability of any conclusions 
reached based on power* law model. Instead, he suggested the use of models that contain 
zero shear* viscosity, such as Caneau model. However, these models are encumbered by 
the added mathematical complexity of four* or three parameters. Therefore, in spite of these 
criticisms to and shortcomings of the power* law model, it has been applied to interpret the 
flow of pseudoplastic fluids around a spherical par ticle until very recently, MissMis et al 
(2001).
In the present work, The trimcated power law model of Spriggs is adopted to model the 
shear* thirming behaviour*. Bird et a l (1987), Adusumilli and Hill (1986). This model is 
adopted afrer* observing that for* different shear* thirming materials, the minimum and the 
maximum values of the shear rates making the onset of the upper and lower* viscosities are 
different. Basically, the viscosity is described by a discontinuous function that has a 
maximum viscosity up to a critical shear* rate value Ymin and a power law region above Ymin- 
Figure 3.1 depicts that the viscosity is limited at low and high shear rates. It also illustrates 
the rheological behaviour* of a real shear* thirming fluid as well as the power law, or 
Ostwald de Waele model fittings. If the computed viscosity is greater* than pmax then the
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value of r)max will be used instead. Similarly, if the computed viscosity is less than r|min, the 
value of rimin will be used instead respectively. The value of r|max is calculated using the 
critical minimum shear rate value, ymin. The value of rimin was found unimportant for the 
flow configurations considered here.
r  “ Power law model 
—  Segmented modei
r|max
Q.Q.
Ymin
Shear Rate (s‘^ )
Figure 3.1: Shear rate dependent segmented model as applied to describe the shear 
thinning behviour.
In the creeping flow conditions, the inability to predict the viscosity at high shear rate is 
not as serious as its inability to predict the viscosity at low shear rate, Chhabra (1986, 
1993). The shear rate around a settling particle is low. Thus the variation of the apparent 
viscosity affecting the resistance force to settling, that is the drag force can be described 
either by low shear rate value or that calculated by power law model. As the fluid flow 
around the settling particle changes from creeping to higher Reynolds number range, the 
rate of decrease of viscosity with increasing settling velocity decreases. At higher 
Reynolds number range the viscosity influence can be neglected and the inertia terms are 
believed to play the major role. Hence, the high shear rate-viscosity (T]min) is unimportant 
either at creeping flow range or at higher Reynolds number. Therefore, without losing of 
accuracy, for all our calculations, a very small value was assigned for pmin (~2 xlO*^  Pa.s). 
In fact, for many polymer melts described by power law, the high shear rate-viscosity r\mm 
has been always taken to be zero, Wilkes (1999).
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The ti'uncated model of Spriggs may mathematically be defined as:
Tl=riniax y^Tmin (3.13a)
ri= m (y)"'  ^ y > ymin (3.13b)
where « is a power law index, m = T}max /(ymin)”’^  is a material constant. This model is 
simple and was shown to agree with many experimental data of shear thinning fluids, 
Adusumillu and Hill (1984). Figure 3.2, taken from Adusumillu and Hill (1984), illustrates 
how the Spriggs truncated model fits the experimental data much better than the power law 
model paifrculaiiy at low sheai' rates.
Power law
Truncated 
power law
log y (s'*)
Figure 3.2: Comparison o f Spriggs truncated and power law models to experimental 
data. Taken from Adusumillu and Hill (1984)
3.4 Steady uniform fluid flow about unbounded or bounded sphere
3.4.1 Unbounded sphere
Consider a sphere of radius a falling with velocity Ko along the axis of a cylindrical 
domain with z and r are the axial and radial directions, respectively, as shown
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schematically in Figure 3.3. The upstream and downstream lengths are long enough to 
avoid the end effects. We also ensure that the size of the domain (R«>) is large enough such 
that the unbounded free stream conditions can be applied adequately. In other words, the 
wall of the domain is placed far from the sphere such that the flow is not disturbed by its 
existence. It is fuither assumed that a steady state has been reached and that the motion is 
axisymmetric and independent of the azimuth angle (0) in a plane normal to the axis of the
Far enough and moves with velocity
Plug flow
with
velocity Sphere at rest
za
Figure 3.3: Schematic diagram illustrating the flow configuration for the flow past 
a settling sphere,
domain. In practice we solve the equivalent problem: we bring the sphere to rest and the 
wall of the cylindiical domain moves with velocity Ko par allel to its axis. Far* upstieam, the 
fluid moves with the velocity of the cylindrical domain so that a plug flow is obtained. 
Finally no-slip conditions are imposed on the sphere suiface and symmetry conditions on 
the axis of symmetry (z-axis). For convenience, the origin of the system is chosen at the 
centre of the sphere. The above conditions can be mathematically expressed as:
A tr = a: Fz = 0 ;K  = 0 (3.14a)
As r —> Rco: Fz ~ Koj K ~ 0 (3.14b)
z = 0: Kx=Ko;Fr = 0 (3.14c)
On r = 0 (z-axis) 0 ; K  = 0 (3.14d)
For the cylindrical domain considered here, K and K are the components of the velocity 
vector in the axial (z) and the radial (r) directions, respectively.
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3.4.2 Bounded sphere - Uniform tube
In this section, the definition of the problem relies on whether the sphere is moving in 
stationary liquid (the settling sphere) or it is fixed in a moving fluid (the stationary sphere). 
For the former case, the problem has been defined exactly in similar’ way to the unbounded 
case except the radius of the cylindrical domain is specified to a finite value (R). Whereas 
in the latter case, the sphere and the wall of tire tube ar e held stationary and far upstr eam of 
the particle, the flow is a fully developed Hagen-Poiseuille-type flow. The boundary 
conditions for the stationary sphere case can then be represented mathematically as:
A tr = a: Vz = 0;Vr = 0 (3.15a)
At r = R (at the wall): K = 0; K = 0 (3.15b)
«+1
z = 0 and 0 < r <:R K = K« V M + 1 _ 1- ; K = 0  (3.15c)
dVOn r = 0 (z-axis) — — = 0 ; K = 0 (3.15d)dr
where and n are the mean velocity over the cross section of the tube and power law 
index, respectively. The axial velocity profile at z = 0, given by (3.15c), is for fully 
developed flow of power law fluids. However, for the truncated power law fluids of 
Spriggs, obtaining similar expression is a complex task, Adusumilli and Hill (1986). For 
power law fluids, if we divide the point value velocity (K) by the mean velocity (K«), the 
expression we obtain (equation 3.15c) is an expression, which contains the pressure 
gradient implicitly. For the truncated model, the same division results in an expression, 
which contains the shear stress at the pipe wall. This wall sheai- stress can only be 
calculated from the radial distance at which the flow will change from Newtonian to power 
law. This radial distance in turn can only be estimated fiom the pressure gradient across the 
flow system, which is not known a priori, Adusumillu and Hill (1984). For this reason, the 
calculations for a stationary sphere case were carried out only for power law model 
conditions. That is when the sphere is assumed to experience a local sheai’ rate, which is 
higher than the minimum sheai’ rate, defined previously.
3.4.3 Bounded sphere - Tapered tube
As stated in the foi’mer chapter, the substantial body of reseaich for a sphere in a tube has 
considered the axisymmetric case, that is, when the sphere is located along the centreline 
of the tube. From numerical point of view, this minimises the computational time by
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simulating the problem using a two-dimensional axisymmetric domain. For the same 
reason, in the present work, same approach is applied for the sphere within a tapered tube. 
The centreline approximation is believed to give a good estimation (at least in a qualitative 
sense) of the hydrodynamic coefficients and to develop a better understanding of the drag 
force in such complex geometry.
Let us consider a solid sphere located along the axis of a vertical circular tapered tube, 
which is attached to two tubes one upstream and another downstieam of the tapered tube as 
shown schematically in Figure 3.4. The tapered section is characterised by its half angle
(0) and by the contraction ratio, defined as the ratio of the upstieam tube radius to the 
downstream tube radius (Ri.'Rz). In this investigation, the standard contraction radius ratio 
of 10:1 and tluee half-angle values, namely, 10°, 20° and 30° have been considered to 
characterise the tube. The system of the equations (3.9) - (3.12) was solved for the 
geometry depicted in Figme 3.4 (to be considered axisymmetric) witli the following 
boimdary conditions:
(a) no slip conditions on the wall of the tube and on the sphere suiface;
(b) at the inlet, the flow is a fully developed Hagen-Poiseuille type flow (equation 3.15c);
(c) axisymmetry bomidaiy conditions (equation 3.15d) were assigned for the centreline;
Upstream 
Tube
Downstream
Tube
Figure 3.4: Sketch o f flow past a rigid sphere in a tapered tube.
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(d) on the exit, the outlet conditions were imposed. This assumes frilly developed 
conditions and ensui'es the mass conservation.
In addition to the half angle of the cone and its contraction ratio, for the tapered tube case, 
one may expect the drag force to depend also on the size ratio of the characteristic length 
of the sphere to that of the tapered tube. This has been taken to be the ratio of the sphere 
radius to the downstream tube radius {a/Ri)^ In oiu calculations, a size ratio of a/R2 = 0.2 
has been chosen because it is the minimum size that gives realistic dimensions and is 
believed to show drag enhancement.
Furthermore, it may be more desirable to simulate the case of a settling sphere inside a 
tapered tube. Ideally it would be worthwhile if we can move the sphere. However, with 
reference to the previous subsection (§3.5.2), and due to the software limitations, the 
solution for the settling case has been sought by solving the equivalent problem. In reality, 
as tlie sphere falls along the axis of a uniform tube, it will eventually reach a terminal 
settling velocity and its motion with respect to the stationary liquid and the wall of the tube 
is the same. Then the drag force is calculated at that particular terminal settling velocity. 
Subsequently, seeking the targeted solution using the same relative velocity is a good idea, 
which has also been supported by experimental and analytical results available in the 
literatuie, see Chapter 2 and also Chapters 5 and 6. Obviously, this is not the case for the 
settling in a tapered tube. A sphere that settles in a tapered tube is expected to move with a 
deceleration, the amount of which is not a known priori. In the present study, it seems 
more feasible to consider the case of a stationary sphere positioned in an accelerated flow 
of the liquid and at vaiious distances fr om the entiy of the conical section. That is, at 
valions values of x  as shown in the Figuie 3.4. Moreover, as we will see later in Chapter 6, 
for size ratios of sphere to tube of a/R < 0.25, the drag force on a settling sphere in 
creeping flow of Newtonian fluids is similar to that on a fixed sphere in a moving liquid, 
Haberman and Sayre (1958). This, in fact, is another reason behind our selection of the 
downstream size ratio of a/Ri = 0.2.
3.4.4 The no-slip assumption
The assumption that a liquid adheres to the surface of the sphere ("no-slip" boundaiy 
condition) is one of the central tenets of the Navier-Stokes theory. However, in reality, 
there aie situations wherein this assumption does not hold. For example, when the flow is
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in the creeping regime (Rcp <0.01). Many interesting featiu'es such as the deformation of 
the boundaiy layer in the sphere vicinity is not captuied by imposing such assumption. A 
number of theories and concepts ai e available in the literatui e to relax this assumption, Lee 
and Mackley (2000). For shear thinning fluids considered here, the wall slip condition may 
be modelled by the so-called the generalised Navier's law. Using this model, a zero normal 
velocity component is imposed simultaneously with a power law tangential velocity 
dependence of the sheai' force, which can be wr itten as:
where fs and are the shear force and the relative tangential velocity, FsUp (slip coefficient) 
and e (slip exponent) are variables, which depend on the material properties and process 
conditions (Temperatur e, flow rate, etc.). The determination of the variables {FgUp and e) is 
an active area of research, for instance, Lee and Mackley (2000) has recently studied the 
consequences of slip at the wall on the flow of different polymers (with rheology described 
by power law model) in a channel. They have concluded that there are few cases where the 
discrepancy appears between the experiments and the numerical simulations as a result of 
using the no-slip conditions. Investigating the applicability of the no-slip conditions using 
equation (3.16) for the flow past a sphere may be considered as part of the future work.
3.5 The drag phenomena and the drag force calculation
A viscous incompressible fluid exerts a hydrodynamic force on a solid rigid body when 
both are in relative motion to each other. Since the flow is assumed axisymmetric, the net 
hydrodynamic force is mainly due to the drag. The drag force is that component of the 
resultant hydrodynamic force acting on the particle in the direction of the relative motion. 
It is made up lar gely of two kinds of forces, the friction force (due to the viscous shearing 
forces) and the form force (due to the pressur e distribution).
The condition of zero fluid velocity or the so-called 'no slip' on the surface of the particle 
results in a boundar y layer in which the velocity changes from zero at the particle surface 
to the free stream velocity at some distance away from the surface. This velocity gradient 
sets up shear stress acting at the particle surface. The skin friction drag is that component 
of the drag due to viscous shear stresses produced at the surface predominantly in those 
regions to which the boundary layer is attached.
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There is still another contributor to the total hydrodynamic drag force. As a fluid flows past 
a particle, a situation is created whereby the pressure acting on the front of the particle is 
higher than that on the rear of the particle, so that another force acting in the direction of 
relative motion starts to act. This force, arising from the pressure difference, or more 
generally from the non-uniform pressure distribution on the surface of the particle and is 
called pressure drag.
The forgoing description of the two kinds of drag can now be formalised mathematically as 
follows. On any surface element of area dS, (Figure 3.5), we have:
i. The force on the element due to the pressure = p* dS where ps is the fluid pressure
acting perpendicularly on the surface of the particle (in this case spherical in 
shape). It is only the parallel component that is responsible for the pressure drag, 
which is given by ps cos a  dS. Thus by integrating over the whole surface, the total 
pressure drag force is obtained,
=^PsCosadS' (3.17)
The viscous force due to the friction = Xwaii dÿ where Xwaii is the wall shear stress 
acting also on the surface of the sphere. This stress is defined in terms of the normal 
velocity gradient at the surface of the sphere as 
d\
'Twall — dn (3.18)i i i i i
ÔS
F d
Direction o f the 
relative motion
Figure 3.5: Surface pressure and wall shear stress acting on a spherical particle in 
relative motion with a fluid.
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where r|,. is the fluid reference viscosity and n unit vector normal to the wall. 
Applying this approximation is valid provided the near- wall grid spacing in the 
direction normal to the surface is very fine so that the actual velocity adjacent to the 
surface obeys a linear variation between the wall surface and the neai'-wall node. In 
the current investigation, this has been achieved by conducting grid independent 
study. More details about this study can be found in Chapter 4.
The wall shear stress gives rise to a tangential force with component in the direction 
of the motion is T^ aii sin a  dS. To obtain the total skin fiiction drag force, the 
integration is performed again for this component over the whole suiface of the 
sphere as:
^VD = f'^ waii cLdS (3.19)
Therefore the total hydrodynamic drag force is given by:
Fj) = Fpj) + Fyjy (3.20)
It is interesting to note that the solution presented here for the total diag force is perfectly 
general and thus applicable to all incompressible Newtonian and Shear thinning fluids past 
unbounded or bounded particle.
Before closing this section, here are some further comments:
• a similar exercise of summation may be canied out for the force components normal to 
the direction of motion to get the lift force. For the axisymmetric cases considered here, 
where the flow field is assumed to be a uniform profile at the upstream of the particle, 
the influence of this force can be neglected. Dandy and Dwyer (1990). It is even when 
more realistic flow profile is simulated, the contribution of this force to total 
hydrodynamic force is small. Dandy and Dwyer (1990) and Kui'ose and Kmori (1998) 
show that for a linear shear* flow profile the maximum contribution of the lift force is at 
particle Reynolds number of 100 and it is only 2% of the total hydrodynamic force.
• As can be seen from above, both contributions to the total drag can be numerically 
calculated, but the first requires knowledge of the pressure distribution around the 
particle and second needs the wall shear* stress distribution (velocity fields) on the 
sm*face. In fact, for* better* understanding of the total drag force, it is common practice
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in fluid mechanics to identify the contributions of the pressure and the viscous stress. 
The behaviour of these two contributions, in turn, can be explained by examining the 
var iation in the local filed values of the surface static pressure (ps) and the wall shear* 
stress (xwaii)- This is normally achieved by plotting those values as fimctions of the 
polar* angle a  around the sphere from upstream (a = 0°) to downstream (a = 180°).
The amount that pressure or* viscous contribution constitutes to the total drag depends 
on the shape of the particle, its orientation with respect to the flow, particle Reynolds 
number, and fluid rheology. For* a sphere, exact analytical solution is only available for* 
the creeping flow of Newtonian fluids. From Stokes solution, Coulson and Richar dson 
(1996), it has been shown that
F vd = -47Ta VcojLi (3.21)
andFpz) “  =27ta VcoJli (3.22)
In chapters 5 and 6 the above equations are used to normalise the friction and the 
pressure force contributions. In there, the appropriate reference velocity and viscosity 
definitions were used. For the present study, the reference viscosity is that for power 
law model defined by equation 2.15.
3.6 Dimensionless groups and quantities
It is a usual practice to express the results in terms of dimensionless groups; the number* 
and the exact form of which vary from one problem to another*. For* the flow around a 
sphere these are the drag coefficient, the Reynolds number* and other* groups, which emerge 
fi'om the geometrical and/or shear* thinning par ameters. In this section, a brief highlight is 
given for the dimensionless groups that have been used to characterise the problems in 
hands.
3.6.1 Reynolds number
This dimensionless group may be interpreted roughly as the ratio of the magnitude of 
inertial forces to that of viscous forces. For the simplest rheological case, that is a sphere in 
Newtonian fluids, particle Reynolds number is defined as:
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= (3,23)
■n,-
Here F,e/is the characteristic reference velocity. For unbounded sphere, it is the unbounded 
sphere velocity (Ko). For a settling sphere inside a uniform tube, it is the terminal settling 
velocity. The maximum centreline velocity (Fmax) is chosen for the case of a stationary 
sphere. Whereas the maximum centreline at the downstream tube (the centre-line velocity 
at the output) has been selected as tlie characteristic velocity for the tapered tube case. In 
all cases, the density is that of the fluid and the characteristic length is the diameter of 
sphere, d. For Newtonian fluids, the characteristic viscosity is the Newtonian constant 
viscosity, p.
As aforementioned in chapter 2, fiom dimensional considerations, the particle Reynolds 
number has been generalised for non-Newtonian shear thimiing fluids whose rheological 
behaviour is described by power law model as:
Here the char acteristic viscosity is assumed to be governed by the power law model and 
evaluated at a localised (or an effective) shear rate given by y = J d , where d  is the
diameter of the sphere and V is the corresponding characteristic velocity. The variables n 
and m are the fluid’s power law index and consistency coefficient, respectively. As stated 
in the literature review chapter, Reynolds number expressed in this form is called the 
modified Reynolds number. It can be shown that tliis definition of Reynolds number is 
obtained as a result of expressing the flow equations in a non-dimensional form.
One more point might be worth mentioning here is regarding the amiotatiori. Reynolds 
number with subscript p is refereed to particle Reynolds number whereas subscript t refers 
to tube Reynolds number (that is Reynolds number defined in terms of tube char acteristic 
length). Reynolds number with a prime as a superscript is the generalised Reynolds 
nmnber (that is the one given by equation 3.24) whereas the Newtonian constant viscosity 
based Reynolds number is shown in the text witli no superscript.
68
Chapter 3: Mathematical Formulation and ...
3.6.2 The drag coefficient and factors
The drag force imposed by the fluid on the sphere is customaiy expressed in terms of a 
drag coefficient Cd, defined previously in chapter 2 by equation 2.11 as:
For an unbounded sphere tlie drag values aie corrected in terms of a dr ag conection factor
7, which has also been defined in the previous chapter as:
Drag Force in a shear* thinning fluid _ Fj^1 —-------------------------------------------------------------------------Stokes Force (in unbounded Newtonian fluid) 3n dV,.gf rj ^
For* creeping flow of shear* thinning fluids, Y talces into account the shear* thimiing effects 
whereas at higher Re range, it also coimts for the inertia effects.
For* the case of a sphere falling in a bomided fluid (tube or tapered), the wall correction 
factor defined by equation 2.34 has been used:
Drag Force in a bounded fluid ^  {pounded)Fp,
Stokes Force (in unbomided Newtonian fluid) 37t dV,.^ -^ t) ^
This wall factor takes into accoimt any deviation from the Stokes force. For* Newtonian 
fluids it accounts wall effects and ineiHa at higher* Reynolds number* flows. When the 
flowing fluid is shear thinning fluid, the values of K  show the combined influence of non- 
Newtonian rheology and wall effects witli/without the inertia effects on the drag.
One more point may deser*ve mentioning regarding the pressure and viscous drag 
contributions. Individual pressme or* friction drag coefficients is obtained by substituting 
the corresponding pressme or* skin forces (equations 3.17 and 3.19) respectively into 
equation 2.11 instead of the total drag force. In addition, the normalised drag contributions 
to the drag correction factor or* to the wall correction factor can also be obtained in similar 
way. These are evaluated by scaling the calculated pressme and friction forces with the 
corresponding Stokes value. That is, the values of the friction drag and the pressure drag 
forces at a specific value of n (and at a given size ratio, if bounded) are normalised 
respectively by equations 3.21 and 3.22.
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3.6.3 Geometrical dimensionless parameters
In general, for a straight tube, the drag force is corrected by the wall conection factor, 
defined by equation (3.26), which is a function of the radius ratio a/R (where a is the 
particle radius and R is the tube radius). Similarly, for flow past a sphere in a tapered tube 
it may be convenient to express the results in terms of dimensionless geometric groups. 
Basically, two groups are required to characterise this case. The first: is the size ratio of the 
sphere to that of the tube. As mentioned earlier, this ratio is defined in terms of the radius 
of the downstream tube (R/). Another group is the normalised separ ation distance (AQ. This 
is the distance between the centre of the sphere and the inlet of the converged section of 
the tube (%), normalised by the length of the axis of the converged section of the tube (TJ, 
Figure 3.4. Therefore, X {x/L /) = 0 means the leading surface of the sphere is one radius 
inside the tapered section and a value of 1 means that the leading sur face of the sphere 
is one radius outside the tapered section.
3.6.4 Non-Newtonian dimensionless parameters
So far* when power law model is used to describe the rheological behaviour of shear 
thimiing fluids, the drag coefficient is normally expressed as a function of the modified 
Reynolds number and the power law index. It is worth noting that there is no physical 
backgroimd on which this functional dependence is based. In fact, according to Chhabra 
and Richardson (1999) this dependence was obtained using a simple dimensional analysis 
similar to that they outlined.
In addition, comparing the equations 3.23 and 3.24, it may be found that the term in the 
denominator of equation 3.24, that is m {Vrefld)^'*\ has been considered as equivalent 
viscosity of the power law fluids around a sphere. If one agrees that the viscosity, which 
affects the drag on the sphere, is that of the fluid envelop surrounding the sphere, as stated 
earlier, an argument may be raised against tliis. This viscosity depends on the shear* rate 
distribution over the sphere surface. This shear* rate distribution, in turn, may approach a 
shear* rate value, which tends to or within the shear* rate range in which the fluid 
experiences the first Newtonian viscosity (the viscosity at low shear* rate). Particularly, one 
should notice that if the flow is in the creeping flow regime. Therefore, it is necessary to 
impose a constrain such that to enforce the Newtoirian plateau at low shear* rate. This is 
done, in the cmrent study, by modelling the shear* thinning behaviom* using the tr*uncated
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power law model of Spriggs. This model contains further parameter, which is the 
minimum shear rate, ymin.
By taking into account the minimum shear rate, ymin (defined in section 3.2.4), in a 
dimensionless analysis similar to that given by Chhabra and Richardson (1999), we would 
have one more dimensionless group. We call this group the dimensionless shear rate, H, 
may be interpreted physically as the ratio of the minimum shear rate of the fluid (the 
turning shear* rate) to the localised effective shear* rate generated by the settling sphere:
H  = 1 s !s l (3,27)
In order* to derive the new drag correlations for* the settling spherical particle in shear*
thinning fluids using Spriggs truncated power* law model, dimensionless analysis has been
performed, which is shown in Apperrdix^d. The results show that the drag coefficient (Co) 
(or the drag corr ection factor) is now a fimction of modified Reynolds number, power* law 
index «, as well as the dimensionless shear* rate, H. That is
Cd (or Y) -  ÎP(Re’p, H, n) (3.28a)
H  ~ F  (Rep, ymin, r|max, d) (3.28b)
where T|max is the maximum fluid viscosity at zero shear*ing, that is rjmax == ho.
In Chapter* 5 equation 3.28 will be examined based on experimental data provided in the 
published literature. These results are then used to assist in explaining the discrepancy 
between the numerical results and the experimental data and in removing the uncertainty in 
the literature regarding the drag correction factor dependence on the flow behaviour* index, 
reviewed in Chapter* 2.
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4. COMPUTATIONAL FLUID DYNAMICS MODELLING
4,1 Introduction
The governing equations shown in the previous chapter are highly non-linear. Exact 
analytical solutions to these equations have been derived only under restricted conditions. 
More usually, it is necessary to solve the equations numerically or to resort to approximate 
techniques where certain terms are omitted or modified in favour of those which are known 
to be more important. For complex domains such as those considered here, numerical 
solutions for the flow equations may be sought using three main CFD techniques, namely, 
finite element, finite difference and finite volume.
The finite volume, or control volume, method (FVM), usin^ pressure - correction, has been 
widely used in a variety of convection-diffusion transport problems, such as turbulence, 
heat transfer and turbo-machinery, etc., Patankar (1980, 1981). The successful applications 
of FVM in those areas is due to many factors, such as, Meier et a l (1999):
(i) the ease in numerical implementation and generalisation from ID to 2D and 3D,
(ii) the low computational memory required permits the use of personal computers to 
solve complex fluid dynamics problems,
(iii) the conservation of the physical properties in the discretised equations provides a 
better control of the transport phenomena, and
(iv) the comparatively good geometric flexibility especially when co-Iocated grid type 
is used.
The theoretical background that underpins the finite volume method can be found in 
numerous texts, the simplest and one used throughout the course of this work is that by 
Versteeg and Malaleskera (1995).
Moreover, the accuracy of any numerical solution has been shown to depend largely on the 
mesh upon which the computations take place. GAMBIT, the grid generator for all 
FLUENT solvers, was used in this work for the definition of the computational domain, 
grid generation, and specification of the boundary conditions. Section 4.2 gives a brief 
description about the construction of the mesh of the computational domain for the three
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considered problems, the unbounded sphere, the sphere in a uniform tube, and the sphere 
in a tapered tube.
The advantage factors of FVM listed above provide the development of complex 
commercial CFD codes. Of the available CFD codes, the most widely used are CFX, 
FLUENT, STAR-CD and PHOENICS. In the current study, the commercial flow package, 
FLUENT 5 (FLUENT 5 manual, 1998) has been utilised to carry out the simulations. A 
detailed description of the numerical aspects is available elsewhere (FLUENT 5 manual, 
1998). However, the salient features of the numerical solution procedure and the choice of 
the discretisation scheme, the implementation of the boundary conditions, the convergence 
criteria, etc. with reference to the special treatment required for solving Navier Stokes 
equations, are given in section 4.3.
Furthermore, to test the performance of FLUENT codes, flow of Newtonian and non- 
Newtonian fluids inside a uniform tube and a tapered tube were considered. Where 
possible comparison were established between the numerical results (e.g. of the pressure 
drop) and the available analytical solutions, section 4.4.
4,2 The Grid
The generation of meshes plays a major role in the application of finite volume method. 
The non-linearity of the system of equations and the formation of steep velocity and stress 
gradients especially around the spherical particle requires an adequate mesh to capture the 
flow phenomena over the entire domain and in the vicinity of the sphere. For the bounded 
sphere cases, care is also taken in meshing the region near the tube wall. Consequently, 
tests were carried out to select appropriate grids for all cases considered in the current 
study. The meshes used in this work were constructed using structured grids. That is using 
mapped meshes, which can be imagined as a grid of points placed in a regular way 
throughout a cuboid, Shaw (1992).
Furthermore, as mentioned previously, three cases were investigated, the unbound sphere 
in an infinite extent, the bounded sphere in a uniform (straight) tube, and the bounded 
sphere in a tapered tube. In all cases, the flow domain is divided into a number of blocks 
(or subdomains). By this, we aimed to obtain a reasonable compromise between two
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requirements, namely, fine grid in the regions where large gradients are expected and to 
reduce computation times by minimising the grid points in the rest of the flow domain. The 
mesh density in the vicinity of the sphere is gradually refined by increasing the number of 
cells until the value of the drag coefficient is found to be insensitive to further mesh 
refinement. The solution thus obtained is said to be 'grid independent', with numerical 
errors not producing drastic effects on the solution, Patankar (1980).
4.2.1 The unbounded sphere
For this unbounded firee stream domain case, two considerations should be taken into 
account for accurate calculation of the flow around the spherical particle:
i) the adequate domain size for applying the free unbounded conditions; and
ii) the appropriate choice of the grid density about the sphere surface and its 
neighbourhood regions, especially in the boundary layer where velocity and stress 
gradients are expected to be the steepest.
As shown in the previous chapter, the settling sphere in a stationary liquid is simulated by 
bringing the sphere to rest and letting the wall of the cylindrical tube to move with same 
velocity as the settling velocity. For the unbounded case, the tube wall should be at a very 
far distance from the sphere such that the unbounded conditions can be assumed. Imposing 
no-slip conditions on the surface of the sphere is straightforward. However, it is not 
possible to simulate the infinite domain in a numerical study. It has been decided to place 
the wall of the domain at a distance where the drag coefficient on a sphere is roughly < 2% 
higher than that given by Stokes formula. Using the well-known correlation of Haberman, 
and Sayre (1958) this distance should be at 200 times the particle radius (200a). Similarly 
the upstream and downstream lengths have been specified to be 100a, a value reported by 
many previous numerical investigations as adequate for unbounded free stream conditions, 
see for example Tripathi et al. (1994). These values of upstream and downstream lengths 
found to be sufficient not for creeping regime only, but also at higher Reynolds number 
regime, as presented in the following chapter. Therefore, it is not necessarily to make them 
as long as those mentioned by Graham and Jones (1994) who used domains with upstream 
and downstream lengths of 750a.
Moreover, in order for the grid to be fine enough near the particle surface, the boundary 
layer around the sphere has received special attention. The depth of the boundary layer for 
a single unbounded sphere can be estimated as the reciprocal o f the square root of particle
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Reynolds number, Kurose and Komori (1999). The boundary layer depth was taken to be 
the deepest that can be calculated using the minimum Reynolds number being used in the 
calculations. In the present study, the minimum value of particle Reynolds number being 
used is RCp = 0.01, which makes the boundary layer depth to be in order of ten times the 
sphere radius (10a).
The general outline of the mesh used in this case is indicated in figure 4.1. The domain is 
first partitioned into seven blocks, four of which are in the vicinity of the sphere (regions 1 
- 4) and three rectangular-shaped blocks, upstream of the sphere (region 5), downstream of 
the sphere (region 6), and the rest of the flow domain (region 7). This is to have better 
control over the grid density over the flow domain and to meet the requirement of 
reasonably fine mesh at the boundary layer about the sphere. The dimensions of each 
region are as shown in figure 4.1. Region 1 ranged between 0 < a  < tc/4, region 2 ranged 
between x/4 ^  a  < tt/2, region 3 ranged between tc/2 < a  < 3%/4, and region 4 ranged 
between 3ti/4 < a  < ti.
The grid generation procedure may be summarised in order as follows:
i) Each arc of the sphere surface is first divided to equal intervals, such that N«,i= Na,2  
= Ncc,3 = No,4  = Na.. Na was incrcascd systematically until further refinement 
produced changes in the drag coefficient that were well below 0.2%.
ii) The number of intervals and the grid spacing on the edges of the blokes (1 - 4) was 
increased in the radial and axial directions in a systematic manner with distance 
measured from the sphere surface so as to concentrate the cells near the sphere 
surface where they are needed. The grid spacing on those edges was increased 
away fi'om the surface of the sphere according to the following geometric 
progression:
= (4.1b)Viy
where L is the length of the edge (10a), iV, the number of the intervals on the edge, 
SR denotes the successive ratio built in GAMBIT. Now for a specified number of 
intervals on a quarter (arc) of the sphere's surface (Na), Nt and 9Î were set such that
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■JBS^re 4.1: Diagram illustrating the total blocks used to construct the mesh
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the length of the first intervals on all edges are in the order of the interval size on 
the sphere surface and the last intervals lengths are ~ 0(0.5a), Figure 4.2 depicts 
enlarged pictures of the meshes in the vicinity of the sphere used in this study (Mi - 
Ms) and the corresponding details are summarised in table 4.1 below. It should be 
emphasised here that manipulating the grid spacing in the sphere's vicinity as just 
described is required for a better quantifying of the viscous stresses especially at 
low Reynolds number flows.
Table 4.1: Specifications o f the grids used fo r  the unbounded case in the vicinity o f the 
sphere - blocks (1 - 4).
The grid Number of intervals 
per one arc (N«)
Number of intervals 
on an edge iNi)
Successive ratio 
(%)
Ml
M2
Ms
Ml
M s
10
20
30
40
50
44
54
62
66
70
1.043987
1.049174
1.049543
1.051066
1.051430
iii) After grading their edges, the entire faces of regions (1 -4 )  are meshed using the 
mesh face commands in Gambit with the so-called Quad-Map meshing scheme, 
and interval spacing of 0.5a, GAMBIT Modelling Guide (1998). This scheme 
enforces the generation of a regular and structure grid with quadrilateral cells only' 
as shown in figure 4,2. Quadrilateral cells were chos,en because they are more 
accurate when finite volume discretisation is applied. They can be stretched easily 
to account for different size gradients of the variables in different directions, 
GAMBIT Modelling Guide (1998).
iv) Finally, for all grids (Mi - Ms), the mesh for the rest of the flow domain is 
generated using the same face meshing scheme (Quad-Map), but with interval 
spacing equal to the sphere radius throughout the domain.
Figure 4.3 -shows results of the grid dettsity independence study, in which the calculated 
drag coefficient for a settling sphere in creeping flow (Rep = 0.01) of Newtonian fluid is
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Figure 4.2: Typical five grid densities in the vicinity o f the sphere used in the 
computations.
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Figure 4.3: The variation o f the computed value o f the drag coefficient with the total 
number o f the cells in the flow domain at creeping conditions (Rcp = 0.01).
plotted as a function of total number of cells (Nceii) in the grid for the five grid densities. 
The computed value of drag coefficient Co varies by less than 0.1% when the total number 
of cells changed from 63194 ( M 4 )  to 71094 ( M 5 ) .  Therefore, the drag calculations for the 
unbounded sphere were decided to be carried out using M5 grid. The value of the drag 
coefficient obtained using this grid is 2435.8, which is 0,4% less than the analytical 
solution given by Haberman and Sayre (1958) for a/R -  0.005. However comparing with 
Stokes value, the percentage difference in this value is 1.5% more. A very large 
computational domain will be required to obtain a numerical solution, which is exactly 
equal to the analytical solution.
4 .2 . 2  The bounded sphere in a uniform (Straight-wall) tube
The geometries addressed in this study are sphere to tube ratios in the range 0.02 < a/R < 
0.6. Some time were spent considering different meshes with different configurations and 
densities. Just like the unbounded case, the flow domain was divided into blocks in order 
to minimise the number of grid points while maintaining a sufficient degree of accuracy 
using very fine grids where they are needed. The blocks are three for size ratios a/R >0.1 
but four for a/R < 0.1, as shown in figure 4.4.
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r = RIa for alR <0.1
This sub-domain appears only 
for sizes R  > 10a
r = R!a for a/R > 0.1, 
or
r = 10a for a!R <0.1
Ni ,4
Flow
r = 0
>■ -><•
Lu = Ld = 10a for alR ^ 0.1, or 
= jR/afora/i^<0.1
S = Size of an interval,
N = Number of intervals
Figure 4.4; Diagram illiisti'ating the sub-domains arranged around a spherical particle 
in a uniform straight tube.
Moreover, for every size ratio considered, several grids of different density were used to 
check the sensitivity of computed solutions to mesh refinement. A particular grid was 
judged to be acceptable when further systematic mesh refinement produced less than 0.2% 
changes under conditions of creeping flow (Rep —> 0) in the drag correction factor value. 
Let us now describe briefly the main steps taken to generate the grid:
i) the surface of sphere is divided into equal intervals (Ns),
ii) the common edges between regions 2 and 1, and, 2 and 3 are divided to intervals,
the size of each is two times the size of an interval on the sphere's surface. That is,
Si,2 = 82,3 « 2 Ss. (Note « instead of =, because when specifying the grid density on 
an edge using the interval size option, GAMBIT uses the total length of the edge to 
calculate the total number of intervals. If the number of intervals turns to be a non­
integer, GAMBIT rounds to the nearest whole number).
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iii) The number of intervals on the upstream edge of region 1 (N u )  and the downstream 
edge of region 3 ( N d )  are then specified to be equal to their opposite edges, that is 
N u  ( =  N d  )  =  Ni,2 =  N 2,3-
iv) The entire faces of regions 1, 2 and 3 are then meshed using the face meshing 
scheme (Quad-Map) with interval spacing specified to be half of the sphere radius 
0.5a. It may be worth to note that GAMBIT will ignore the interval spacing of 0.5a 
for region 2 because the edges of this region were graded prior. However, the 
regions 1 and 3 were constructed of cells with width given by the number of 
intervals (Ni,2 = N2 ,s) and lengths of 0.5a.
v) the grid for cases a!R <0.1 are constructed using the grid obtained for size ratio alR 
= 0.1. The top edge of region 4 is graded to intervals, the number of which is the 
sum of all intervals on the top edges of regions 1,2 and 3, that is, N t  =  N i,4  +  N 2,4  +  
N 3 ,4 . The entire face of region 4 is then meshed using the same face meshing 
scheme and same interval spacing of 0.5a.
vi) The drag simulations were carried out and the drag correction factor was 
calculated.
vii) The number of intervals on the surface of the sphere was increased by twenty. The 
flow domain is re-mesh accordingly as described in the steps (ii) - (v) and the drag 
correction factor was recalculated.
viii) If the changes in the value of the drag correction factor is greater than 0.2%, the 
procedure is repeated. Otherwise, the value of the drag correction factor is taken to 
be the right value at the specific size ratio. Using the same meshes, the solutions 
were obtained at different Reynolds number and different shear thinning parameters 
(dimensionless shear rate H and power law index n). The meshes were also used for 
the case of fluidised spheres. Figure 4.5 shows progressively denser grids used in 
the computation for size ratio a!R = 0.5, the details of which are given in table 4.2. 
Table 4.2 also shows that the computed values of the drag correction factor varied 
by less than 0.1% when the number of cells was increased from UML* (6498) to 
UMs (9514). Hence, the computations for a/R = 0.5 were conducted using UM* 
mesh. These results are also presented graphically in figure 4.6. Different grids 
have been used for different tube/sphere radius ratios. It is generally observed that 
as the size ratio increases, more refine mesh is required. The details of the final 
meshes are given in Appendix B.
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Figure 4.5; Typicalfive grid densities used in the computations fo r a/R = 0.5. Only a 
portion o f upstream and downstream lengths is shown.
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Table 4.2; Details o f the grids usedfor a/R = 0.5 case.
The grid Number of intervals 
on the surface
Cell size on the sphere's 
surface
Total number of the 
cells
U M i 2 0 0 . 1 5 7 0 8 0 8 4 0
VM.2 4 0 0 , 0 7 8 5 3 9 2 0 7 2
UMs 6 0 0 . 0 5 2 3 5 9 4 0 4 2
UM4 8 0 0 . 0 3 9 2 6 9 6 4 9 8
U M s 1 0 0 0 . 0 3 1 4 1 5 9 5 1 4
6.0
&uo
IsI
5.7
100002000 4000 6000 80000
Number of cells (Nccii) '
Figure 4.6: The g iid  independence results fo r the drag on a settling sphere inside a 
uniform tube (a/R = 0.5) at creeping flow  conditions using the grids shown in the figure 
4.5.
ix) More tests were also carried out using size ratios a!R = 0.5 and a/R = 0.1 to assess 
the values of downstream (La) and upstream lengths (Lu), Values of the drag 
coefficient Co and the ratio of the form drag (drag due to pressure) to total drag 
{CpdICd) or four Reynolds numbers and three values of upstream and/or 
downstream lengths of L (= La= L«) = 10a, 20a, and 50a are reported in Table 4.3. 
From this table, it is clear that the specified values of L = La = Lu = 10a are 
sufficient under creeping flow conditions (Re « 0) as well as at the highest value of 
Re at which solutions were obtained.
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Table 4.3: Drag coefficient o f a sphere in a unifotm tube (the number in parentheses 
indicates the ratio o f the form  drag to the total drag).
Re CD{alR=O.S) CoiaiR-QA)L = 10a L = 20a L = 50a L = 10a L = 20a L = 50a :
0.01 14259.44(0.463)
14260.16
(0.464)
14259.43
(0.464)
3043.1
(0.326)
3040.8
(0.326)
3048
(0.332)
1 142.516(0.466)
142.389
(0.464)
142.39
(0.464)
31.002
(0.327)
31.028
(0.327)
31.559
(0.334)
10 14.527(0.469)
14.515
(0.468)
14.575
(0.466)
4.423
(0.346)
4.416
(0.345)
4.478
(0.355)
100 2.321(0.566)
2.321
(0.566)
2.321
(0.569)
1.094
(0.465)
1.092
(0.465)
1.101
(0.474)
4.2.3 The bounded sphere in a tapered tube
For the flow past a sphere in a tapered tube, the grids were constructed in similar manner to 
that described for the unbounded sphere case. The geometry parameters considered here 
are contraction ratio of Ri; R2  "  10:1, three half angle values © = 10°, 20° and 30°, and 
eight values of normalised separation distance, namely, X -  0, 0.25, 0.5, 0.75, 0.85, 0.95,
1.0 and 1.25. Sufficiently large lengths of the upstream and downstream tubes were 
selected to sustain fully developed inlet and outlet flow and to avoid end effects. For all 
geometries considered, the upstream tube length is equal to the downstream tube length, 
taken as 20a.
In each case, the flow domain was portioned into six sub-domains (blocks), four of which 
are in the vicinity of the sphere as shown in figure 4.7. The points at which the blocks 1 - 4  
intersect with the sphere’s surface as well as the grid generation procedure are exactly same 
as those described earlier for the unbounded case. The blocks 1 - 4  was meshed with a 
progressive fine mesh, while using coarser mesh in the blocks 5 and 6. From the previous 
two cases, it became apparent that this arrangement is essential to capture the flow 
phenomena and large gradients more tightly in the vicinity of the sphere surface.
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1"^- 20û
10a
Figure 4.7: Definition o f the blocks used to generate the mesh for flow past a sphere 
inside a tapered tube ( X -  0.5).
Essentially, after discretising the surface of the sphere the blocks 1 - 4  were meshed, the 
edges of the blocks were meshed according to the same geometric series given by equation
4.1 such that the aforementioned requirement regarding the cell size on the edges is 
satisfied. The parameters to meet this requirement are summarised in table 4.4. In total, six 
refinement densities ( T M i -  T M e ) were used. Figure 4.8 depicts typical grid refinement in 
the vicinity of the sphere for the finest and coarsest meshes, namely, TMi and T M g . The 
grid independence study was also conducted for all geometries in a similar way. The plot 
of the calculated values of the wall correction factor as a function of the total number of 
cells in the flow domain for a sphere at normalised separation distance of JST = 1 inside a 
tapered tube o f half angle © = 20° is charted in figure 4.9. The computed value of K2 varies 
by less than 0.1% when the total number of cells changed from 29600 (T M 4 ) to 45120 
(T M e ) . On the basis of these results, the grid T M 4  was selected for this particular geometry. 
The details of the meshes over which the computations were carried out for other 
geometries are given in Appendix B,
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Table 4.4: Summary o f the parameters used for the tapered tube case in the vicinity o f the 
sphere - blocks (1 -4).
The grid Number of intervals 
per one arc (Na)
Number of intervals 
on an edge (TV,)
Successive ratio 
(%)
T M i
TM2
TMs
T M U
TM5
TMe
10
20
30
40
50
60
18
22
24
26
28
29
1.11503
1.12879
1.13683
1.13674
1.13825
1.13894
M\yX
\ \\ '\ "\UI' UC'/':
TMi TM6
Figure 4.8: The finest and coarsest mesh patterns around the sphere used in the 
tapered tube case.
4.2.4 The mesh quality
It is always good practice to check the quality of the resulting mesh. Properties such as 
skewness can greatly affect the accuracy and the robustness of the numerical solution. 
GAMBIT provides several quality measures to assess the quality of a mesh. In the current 
study, the default measure EquiAngle Skew was used, the definition and the characteristics 
of which are summarised in Appendix C. Each element has a skewness value between 0 
and 1 where 0 represents the ideal desirable case. For all the cases simulated here, the mesh 
was examined to highlight the quality range. It was ensured that the maximum skewness 
values are within the acceptable values (skewness < 0.5).
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Figure 4.9: Wall correction factor (K2) fo r  a sphere inside a tapered tube o f = 20' 
and at X =  1 using different grid densities.
4.3 Method of Solution
The fiindamental physical laws governing the steady motion of a spherical particle in an 
incompressible fluid under isothermal conditions are conservation of mass and momentum 
described in the previous chapter. Here we used the FVM based commercial package 
FLUENT 5 to obtain a solution for these non-linear governing differential equations. The- 
transformation of these conservation equations into a set of algebraic equations that can be 
solved using a standard iterative procedure is called discretisation. The FVM discretisation 
process consists of:
* the subdivision of the flow domain into a set of non-overlapping control volumes (CV) 
or cells,
• the integration of the conservation equations over cell assuming uniform values of the 
variables over the entire cell.
In order to perform the discretisation of the governing equations the physical space is 
subdivided into a number of cells (or control volumes). The cells generated are defined by 
the node points, that is the points where the grid lines intersect.
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Moreover, the purpose of integration practice in the FVM discretisation is to transform the 
governing differential equations into a system of algebraic equations that relate the values 
of the variables at discrete points (assumed to be the centres of the cells) and at the faces 
of the cell, the fluxes across the faces of the cell and the dimensions of the cell. The 
solution of this system produces a set of values, which correspond to the solution of the 
original equations at some pre-determined locations in space (and time for unsteady state 
cases). The values of the variables at the faces of the cells need to be interpolated from the 
values at the centres of neighbouring cells. The interpolation scheme is an important part 
of the FVM solution procedure and is described in more detail later in this section.
In addition, this section presents the solution of the governing equations using the FVM 
based package FLUENT 5, with the following should be kept in mind:
• The first step in obtaining the solution is to choose the solver. According to FLUENT 
manual, there are two solvers, namely, segregated and coupled solvers. The later is 
recommended only when there is a strong dependence between the density and 
pressure and/or temperature, FLUENT 5 manual (1998). Here the segregated solver has 
been used because for isothermal flow of incompressible fluids the density is a weak 
function of the pressure. The segregated solver requires less memory and CPU time 
than do the coupled. It treats the discretised equations in a segregated way, meaning 
that they are solved sequentially (one at a time).
• The analytical solution of Stokes problem, that is the drag on an unbounded sphere 
settling in creeping flow of Newtonian fluids, shows that the form drag (drag due to 
pressure difference) contributes one-third (i.e. ~ 33%) of the total drag force on the 
sphere, see for example Coulson and Richardson (1996). Numerical experiments were 
carried out using FLUENT 5 codes with linear first order upwind (or power law 
scheme) to discretise the momentum equations and the default, linear, or staggered grid 
(PRESTO) schemes to interpolate the pressure. It was found that usj^g any 
combination of those schemes results in an underestimation of the pressure drag 
coefficient to 26% of the total drag. It was suggested by Fluent Inc. to use very fine 
grid similar to those shown in the previous section and higher order discretisation 
schemes (such as QUICK) as well as second order interpolation for the pressure term in 
order to get a better estimate for the pressure contribution and to avoid numerical 
oscillations (wiggles). In subsection 4.3.1, the discretisation of the general steady sate
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transport equations is considered. Here a description of the third order accurate scheme 
QUICK is provided.
The solution of the governing Navier-Stokes equations is complicated by their 
interdependence upon each other and the existence of the non-linear convective terms. 
All the three equations (the momentum equations in two directions as well as the 
continuity) are coupled because every velocity component appears in each of them. In 
addition, seeking a solution for those equations is further complicated due to the 
presence of the pressure in their source term. Special practices related to the 
discretisation of the momentum equations are addressed in subsection 4.3.2. : ^
The two momentum equations and the continuity equation provide three equations to 
determine the velocity components and the pressure. For incompressible flow, 
considered here, there is no special conservation equation for the pressure. For steady 
state fluid flow problems, FLUENT 5 segregate solver resolves this by using pressure- 
correction based methods from the SIMPLE family. In these methods, the discretised 
momentum equations and continuity equation are used to obtain a pressure correction 
equation, Tannehill et a l (1997). This derived pressure correction equation will act as 
a further constrain on the solution of the flow equations: if the correct pressure field is 
applied in the momentum equations the resulting velocity field must satisfy the 
continuity equation, Versteeg and Malaleskera (1995). The discretisation of continuity 
and the pressure correction equation are described more in subsection 4.3.3.
The SIMPLE family of methods (SIMPLE stands for the Semi-Implicit Method for 
Pressure Linked Equations) have been proved to provide robust solutions and more 
computationally economical for many applications. These approaches and many others 
were reviewed and critically evaluated in the literature, Tannehill et a l (1997). There 
are two algorithms available in FLUENT, namely, the modified version of SIMPLE by 
Rhie and Chow (1983) and SIMPLEC (SIMPLE-Consistent) of Van doormaal and 
Raithby (1984). For many practical cases, SIMPLE and SIMPLEC give similar 
convergence rates, Versteeg and Malaleskera (1995), Hence, the default algorithm 
SIMPLE has been applied in this study.
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• The SIMPLE algorithm is a predictor-corrector method, with an initial estimate for the
velocity field from the Navier-Stokes equations being corrected with the continuity to
force the conservation of mass. The prediction and correction operations are enclosed 
in an iterative loop, which (hopefully) converges to give a solution that satisfies all the 
equations in the system. The SIMPLE procedure to solve Navier-Stokes equations is 
available in subsection 4.3.4.
• As mentioned in the previous point, the SIMPLE procedure is an iterative procedure
based on loops of guess and correct process to solve the governing equations.
Subsection 4.3.5 outlines the convergence criteria based on which this iterative 
procedure was terminated and the solution was judged to reach the convergence.
• The computational mesh includes a series of faces which coincide with the boundaries 
of the physical domain under consideration. The conditions there are prescribed 
through boundary conditions. In order to simplify the discussion, the boundary 
conditions are divided into numerical and physical boundary conditions. In attempt to 
prevent unnecessarily text materials, the numerical boundary conditions will not be 
described further here. The description and the implementation o f the numerical 
boundary conditions can be found in many CFD textbooks, for example Versteeg and 
Malaleskera (1995). Subsection 4.3.6 is devoted to outline the physical boundary 
conditions (such as wall, inlet, outlet etc.) being specified to the problems undertaken 
here.
4.3.1 The discretisation scheme
4.3.1.1 General equation and notation
When employing the FVM, the steady state governing equations for a specific scalar (j) in a 
fluid undergoing convection and diffusion can be written in a general form as, Versteeg 
and Malaleskera (1995):
V • (pv(|)) = V • ^ g r a d ^ +S  (4.2)
where v is the fluid velocity field, p is the fluid density, T  is the diffusion coefficient and 
is any source term for the scalar (j) per unit volume. The term on the left-hand side gives 
the net convection term representing the transport of <j) by the ambient velocity field. On 
the right hand side of the equation the first term is the transport due to net diffusion term.
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whilst the second is the contribution(s) of the source(s) of <j) within the field. For example, 
table 4.5 gives the form of the primitive variable, the diffusion coefficient and the source 
term used for two-dimensional axisymmetric domain.
Table 4.5; The terms fo r the conservation equations fo r  a steady two-dimensional 
axisymmetric flow.
Equation <t>
Fz-Momentum
Fr-Momentum
Continuity
Fr
1 0
- Î * " .
For finite volume discretisation the flow domain is divided into a number of discrete cells, 
as depicted in figure 4.10, with each volume having a representative value located at it's 
centre. For two-dimensional domains, figure 4.10 (a), the cell upon which the equation is 
being discretised is numbered (i, j), having neighbours (i-1, j), (i+1, j), (i, j-1), and (i, j+1). 
In this notation system, the grid location interfaces between cell (i, j) and its neighbouring
Control volume 
(i+1/2, j) faceComputational nodes
NN
•N
EEWW(i-lj
SS(ij-2)
Control volume Control volume east face (e)
Figure 4.10: Illustrative diagram o f a two-dimensional grid o f the flow  domain using (a) 
the index (i, j)  notation, (b) the compass notation.
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cells are indexed (i-1/2, j), (i+1/2, j), (i, j-1/2) and (i, j+1/2). It is, however, customary to 
use the so-called compass notation, Patankar (1980), In this notation, the subscript P 
signifies the cell (i, j), whilst its immediate neighbours are labelled E, W, N, and S for east, 
west, north and south respectively. A capital letter signifies a value at the centre of the 
neighbouring cell, whilst a lower case letter signifies a value at the interface between the 
two cells. For example relative to the cell centre (point P) shown in figure 4.10 (b) e, w, n, 
and s are used for the interfaces between P and E, W, N, and S cells respectively. Cells 
further away from the P cell are named using a chain of locations that link them back to the 
central point P. For instance, the cell that is the north of the north neighbour is called NN, 
the cell to the east of the east neighbour is WW etc.
The information needed for the computation of variable (|), in equation 4.2, is its variation 
between consecutive control volumes (the variable (j) is affected only by the value of (|) at 
neighbouring control volumes). The control volume (cell) is the basic element of the 
discretisation method. The geometry for a cell in a two-dimensional Cartesian mesh is 
given in figure 4.11. The cell has width Ax and height Ay, whilst the distance between the 
centre of the cell and that of its immediate neighbour on the right (or east) side is ÔXe, and 
that with its left (or west) neighbour is ÔXw. The cell face areas are Ae=Aw = Ay and An -  
As= Ax, with cell volume Fceii -  Ax Ay.
Ax
T
Xw __________ n
N
j n  --------
W  ,  w
------- 1
P e E
_______ _wJS ----------------
£
s
4V
• S
■<- hite ^ 1
T
Ay
A
Figure 4.11: Th<e geometty fo r  a single control volume (cell) in a two-dimensional 
Cartesiofj grid (co-located grid).
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4.3.1.2 The integration step
The key step of FVM is the integration of the governing equations over the control 
volumes (cells) to yield discretised form of the equations. Integrating equation 4.2 over a 
control volume gives:
JV-(pv(|))dK= JV-(rgrarf<j))dF+ \SdV  (4.3)
V,cell cell Fcell
and converting to surface integrals in equation (4.3) according to the divergence theorem 
yields:
f (pv<J>)£i4 = f rV (j)* ^  + \S d V (4.4)
Fcell
Herev4 is the surface area vector.
The integrals in equation 4.4 are calculated according to the following assumptions:
• The value of properties at the centre of a control volume are equal to those prevailing 
on the entire control volume;
• The value of properties at the centre of the face of a control volume are equal to those 
prevailing on the entire face; and
• the source term is a linear function of the primitive variable <j) as:
S  — S c ' ^  S p ^ p  (4.5)
Discretisation of equation 4.4 on a given control volume yields:
faces faces
2  Ff ^ fA f - 2 r  (V(j))x ^ /  = {Sc + Sp <{)p) Vceii
f  f
where
(4.6)
the index /  refers to the control volume faces, faces is the number of faces enclosing the 
control volume (for the 2D quadrilateral cell shown in figure 4.11,/ i s  one of e, w, n, or s, 
and faces = 4), (j)/ is the value of the variable (|) convected through a face f  Ffis the mass 
flux per unit area through the face /  A f  is the area of face f  (V(|))i is the magnitude of 
normal to face/  Vceii is the cell volume. Equation 4.6 can be written for two-dimensional 
(Cartesian) cell shown in figure 4.11 as:
ydx.^
.9y,
(p#X
w J
W X  - r . A
cell
(4.7)
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Furthermore, it is convenient to express the discretised equations in terms of two variables 
the mass and diffuse fluxes defined respectively as:
=(p<l>)/^/and D/==4^—^  (4.8)
O X  y
Or equivalently, in terms of the ratio of iy to  Z)/known as the Peclet number, which is a 
dimensionless measure of the relative importance of convection to diffusion:
Pe — (4.9).r /sx .
Note that the values of these parameters are evaluated at the face of a control volume. For 
instance, for the east face of the control volume shown in figure 4.11, these can be written 
as:
/ = ; = ( p . | , X , Z ) , = i a n d P e , = £ ^  (4.10)ig/6Xg
4.3. L 3 The finite volume differencing scheme
It is clear from equation 4.6 that the face values (<j>/) are required for the computation of the 
convection terms and these must be interpolated from the cell centre values. FLUENT 
provides different upwind schemes. Upwind means the value of ((i at a face /  is 
approximated using the quantities in the cell upstream, or 'upwind', relative to the direction 
of the flow. In addition to first order upwind scheme, in which the face value (jyis set equal 
to the upstream cell centre value, FLUENT 5 allows to choose from three other schemes, 
namely, second order upwind developed by Barth and Jespersen (1989), power law,' 
Patankar (1980), and QUICK, Leonard and Mokhtari (1990). The technical details of these 
schemes are outside the scope of the current study and for further information reference 
should be made to the cited references. Here we through some light on the scheme, which 
has been applied QUICK next.
The Quadratic Upwind Interpolation for Convection Kinematic (QUICK) is a third order 
accurate upwind scheme and was first described by Leonard (1979). The face value of ^  is 
approximated using the two bracketing nodes (on each side of the face) and a node on the 
upstream side. For instance if the flow is from left to right in the figure 4.11 the value of a 
scalar at the east face (|>e is obtained using the centre values P, E and W. In this case, using
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a regular grid with constant Ax, it can be shown that <[)e is given by, Versteeg and 
Malaleskera (1995),
<l>e (4.11)
Leonard (1979) cast this in the form of a central difference scheme with a third order 
correction,
+4>E) (4.12)2. o
High order schemes, such as QUICK, rely on fitting a higher order polynomial through 
several points. This can result in a numerically unstable and unbounded solutions, Versteeg 
and Malaleskera (1995). That is to generate cell-face values that lie outside the 
interpolating values (j)?, ({)£, and (j)w. To prevent this, a number of modifications for QUICK 
scheme have been published, Versteeg and Malaleskera (1995).
FLUENT 5 applies the modified version of QUICK developed by Leonard and Mokhtari 
(1990). Using this scheme, the east face value can be expressed as;
<{)e= a Ax + Axj Ax +AXj + ( l -a )
Ax„+2Ax,  Ax , — ---------4>p ~ T  . A 'Vw (4.13)Ax„+Ax Ax„+Ax
where a  is a solution dependent weighted variable, Ax is the width of the cell centred P 
shown in the figure 4.11, and Axd and Axu are the widths of the cells upstream and 
downstream respectively (that is cells centred W and B), Leonard and Mokhtari (1990). It 
may be interesting to note that the original QUICK can be obtained by setting a  = 1/8. In 
addition, the solution-dependent weighted variable employed in this modified QUICK 
scheme found to help in forestalling the spurious (i.e. non-physical) oscillations that tend 
to appear when high order schemes are used, Leonard and Mokhtari (1990).
4.3.1.4 The linear form o f the discretised equations
Moreover, whatever the discretisation formulation or scheme being used, the discretised 
transport equation, equation 4.6, is normally formulated in a pseudo-linear form in which 
the primitive variable at a grid point <{>p is obtained in terms of the neighbouring cell values 
<|>«0 as:
ap(|)p =E«i,b<l>nb+^ (4.14)
nb
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Here the subscript nb refers to neighbour cells (N, S,  E, W  in figure 4.11), a? is the 
linearised centre coefficient and Onh are the linearised influence coefficients for the 
neighbouring cells, and b is the contribution of the constant part of the source term that is 
Sc in equation 4.6. The final form of this equation is different according to the
discretisation scheme being applied. It is, however, usually expressed in terms of the mass
and diffusive fluxes (i.e. F f  and Z)/). For example, the original QUICK scheme can be 
shown to have the following factorised linear form for a general internal node:
+^WW^WW +^EE^EE (4.15)
with central coefficient 
Ctp = + ^ WW + ^ EE “  {Fe ~ Fy,')
and neighbour coefficients
%V = + ^ Xw-^w + + “ (l ”  Xw )Fvi
‘‘e = D . - 1(1 - X .K  -1(1 -  x„ )F„
1 _^WW -  gXw-^w
%E = “ '^ 0 “ Xe)^e
where
%yi = 1 for Fw > 0 and Xe = 1 for Fg > 0 and Xw = 0 for Fw < 0 and Xe = 0 for Fg < 0. Note 
that Fw > 0 (or Fg < 0) is when the flow is positive, that is from left to right in the cell 
shown in the figure 4.11.
The derivation of these expressions for two-dimensional as well as three-dimensional grids 
for QUICK and other discretisation schemes can be found in Versteeg and Malaleskera 
(1995). A system of algebraic equations with a sparse coefficient matrix is fesulted from 
applying equation 4.14 to each cell in the computational domain. FLUENT 5 solves this 
linear system using the well known Gauss-Seidel point-by-point iterative method in 
conjunction with the algebraic multigrain method (AMG), FLUENT manual (1998). The 
theoretical background of these methods and others are described in CFD texts, Versteeg 
and Malaleskera (1995).
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4.3.2 Special treatment of the momentum equations
The momentum equations can be discretised in the same generic transport equation. For 
example, the x- and y- semi discretised momentum equations can be obtained by setting (j) 
= u and (j) = V respectively:
S^nb^nb + \ | + &  (4.16a)pMp
nb dx
j^TpVp =E"nb^nb + ^  A  + (4.16b)
nb Idy,
Now by a careful inspection into the general transport equation (equation 4.2), the 
discretised form of general transport (equation 4.6), and the discretised versions of the 
momentum equations (equation 4.16), the following essential points can be observed:
• The convection term contains non-linear quantities (for example «^),
• The equations are coupled because each velocity component appears in all equations,
• Pressure appears in the source term in each momentum equation. This further couples 
the equations and demands a mean of specifying pressure.
For a given mass flux field and pressure field, equation 4.16 could be solved in the manner 
described in subsection 4.3.1, and a velocity field obtained. However, the pressure field 
and face mass fluxes are not known a prior and should be calculated as a part of the 
solution.
4.3.2.1 The Checkerboarding
This effect arises from using a co-located grid and linear interpolation for cell-face’ 
velocities. Such combination leads to de-coupling of odd pressure nodes from even 
pressure nodes and as a result an indeterminate oscillations (or zigzagging) in the pressure 
field occurs. A non-uniform pressure field can act as if it is a uniform field.
Let us demonstrate how a simple linear interpolation of the pressure face values can lead to 
the undesirable checkerbording effect. For cell P shown in figure 4.11, the pressure force 
per unit volume (the pressure gradient) is given by:
_ P w  “ Pe
dx.
Now by applying the linear approximations, we have
p Ax (4.17)
P„ =^(pw + P p).and  p, = ifc p + P E )  (418)
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Substituting 4.18 into 4.17, we have
_ Pe “  Pw
dxjp 2Ax
This expression is insensitive to 'checkerboard' oscillation because the differences are 
between every second node. In other words, this leads to de-coupling of odd pressure 
nodes from the even pressure nodes. More explanation about the cheackerboarding effect 
can be found in Patankar (1980) and Versteeg and Malaleskera (1995).
4.3.2.2 Remedies
In FVM discretisation, there are two common remedies:
i) to use a staggered grid arrangement (velocities and pressure are stored at different 
locations)
ii) to use different interpolation formula for the velocities
Both remedies provide a linkage between adjacent pressure nodes, hence, prevent odd- 
even nodes de-coupling. In the following more lights will be thrown on both remedies.
There are two types of grids, co-located (or some authors called collocated) and staggered 
grids. Figure 4.11 shows the control volume in a co-located grid, whereas figure 4.12 
below presents an example for a staggered grid. The main difference between co-located 
and staggered grids is that with the co-located grid (figure 4.11) all variables (transport 
properties) are located on the centre of the cell. On the other hand, in the staggered grid 
(figure 4.12) arrangement, velocity components are calculated and stored on the respective, 
direction control volume faces and the pressure and any other scalar variable are evaluated 
and stored at ordinary nodal points. Hence, it can be readily shown that using such 
staggered grid will not produce the unrealistic oscillating checkerboard field even if the 
pressure term is discretised by means of a linear interpolation between the centre nodes. 
More details about the derivation of the discretised momentum and continuity equations on 
a staggered grid can be found in Patankar (1980) and Versteeg and Malaleskera (1995). 
According to Patankar (1980), staggered grids avoid the possibility of obtaining an unreal 
pressure field when a pressure-velocity coupling like SIMPLE is used.
FLUENT 5 uses a modified version of SIMPLE algorithm to compute the face values of a 
scalar quantity, such as the pressure, from the values at the centres of the cells with 
procedure similar to that outlined by Rhie and Chow (1983). In this alternative approach
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7+17 - 1
7 + 1 , / w
Figure 4.12: Control vohtme and cell disposition fo r  a staggered grid; locations are 
= 2/, f  V, and • = other variables (pressure).
non-staggered or co-located grid is used for the pressure and velocity storage, but with a 
slightly different interpolation. Rhie and Chow (1983) proposed the following for the. 
velocity face values:
«e + fdp]
e Idxj e dx^
(4.20)
where an overbar with subscript e indicate a linear interpolation of the values at the P and 
E centres. The derivation of the interpolation given by expression 4.20 is described in 
greater depth in Appendix 7>.
Applying Rhie and Chow (1983) procedure, the values of a  ^ and a^b in equation 4.16 are 
calculated using any differencing schemes suitable for convection-diffusion problems, 
(QUICK in our case). The coefficients contain combinations of the mass and diffusive 
fluxes at the control volume faces (iyand Dj). These are calculated using velocity values
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obtained by equation 4.20. During each iteration the velocity face values used to evaluate 
ûp coefficients in expression 4.20 are those obtained as the outcome of the previous 
iteration (or the initial guess in the first iteration). It may be worth to note that these known 
velocity face values, which contribute to the a  coelBficients in equation 4.16, should be 
distinguished from up and in this equation, which denote the unknown scalars.
4.3.2.3 The interpolation o f the pressure term
In FLUENT 5, the default pressure interpolation scheme approximates the pressure face 
values, required for the solution of the momentum equations, using simple central 
differences as shown in Appendix D, FLUENT manual (1998). It is, however, not 
recommended to use this scheme when the pressure variations between the cells are not 
smooth, Rhie and Chow (1983). When it is used in such cases, jumps in the momentum 
source terms may occur causing high pressure profile at the cell face and this shows up in 
overshoots/undershoots of cell velocity, FLUENT manual (1998). Here in the vicinity of 
the sphere, large pressure gradients are expected in the pressure source terms between the 
control volumes constituting the surface of the sphere. Therefore, the pressure term should 
be interpolated using other than the default scheme. In fact, as mentioned previously when 
the drag on an unbounded sphere in creeping flow (Stokes drag) was calculated using this 
default scheme, the viscous drag was observed to be overestimated by more than 10%.
Instead, the cell-face pressure value was interpolated using second-order scheme. This 
scheme reconstructs the face pressure in a manner similar to that used for second-order 
convection terms developed by Barth and Jespersen (1989). The approximation of the 
pressure at a face of a cell is estimated as
p/ = p + Vp • As (4.21)
where p and Vp are the cell-centred value and its gradient in the upstream cell, and As is 
the displacement vector from the upstream cell centroid to the face centroid. From 4.14, 
the gradient Vp in each cell is required. This is calculated by:
1 faces___
V p = ^ E p / - 4 /  (4.22)
^ce ll f
where the face values py are computed from averaging p from two cells adjacent to the
face. The gradient of a scalar filed (in this caseVp) is limited such that to prevent the 
formation of oscillation, Barth and Jespersen (1989), FLUENT manual (1998).
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4.3.3 Discretisation of the continuity equation
The velocity fields are obtained by solving the discretised form of momentum equations 
(equation 4.16) using a guessed pressure field. However, those fields would not necessary 
satisfy the continuity equation. The pressure correction approaches available in FLUENT 
5, SIMPLE or SIMPLEC, make use of the continuity equation to deduce a pressure 
correction equation, which is solved to obtain a pressure correction filed. The pressure 
correction filed in turn used to update the velocity and pressure fields. As the solution 
algorithm proceeds, the aim is to improve the guessed pressure field. The correct pressure 
field is the one that when it is substituted in the momentum equations would result in 
velocity fields, which satisfy the continuity equation. Here the form of the pressure 
correction equation, which is derived from the continuity, is demonstrated.
Let us consider the eastern face of the control volume in figure 4.11. If the velocity normal 
to the face is Ue and the face has an area Ae, then the mass flow across the face is
(4.23)
In general this interpolated velocity field will not be mass conserving (i.e. it will not have 
a discrete divergence of zero), and so will not satisfy the discretised form of the continuity 
equation given in Cartesian meshes by:
/aces faces
= E  -p » w 4 , + pT a4  - p v ;4  = 0 (4.24)f  f
It is required, therefore, to calculate corrected velocity fields u, and v that is mass 
conserving, together with a corresponding pressure filed (p). Note that the discretised 
continuity equation is obtained by integrating the continuity equation (equation 3.2) over a 
control volume such that shown in figure 4.11.
Now if pressure and velocity corrections are defined as the difference between the 
corrected fields and the guessed fields, then
p = p* + p' (4.25a)
ti~ u * + u  (4.25b)
V = V* + v' (4.25c)
where the superscripts * and ' represent the guessed and the correction values, 
respectively. Using the combination between the discretised continuity equation and the
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discretised equations of momentum mentioned above, the following discretisation 
equation is obtained for p :
P p  “  Pnb
nb
where (in Cartesian grid):
(4.26)
'  4  ' h —" A l " h — 4? 1 h — 4 '  1
_(^p)w _ _(«p)e. _(ap)„. .(“ pI .
Z>p -  ) ,
♦ j J j ^ T* y *  T* y *  \
C = - t l ^ A ^  + ^ n 4 i  ~  P  '  ~  ^  ~  / (4.27)
The terms (ap)^are the average of the momentum coefficients a? for the cells on either 
sides of face/  For the east face in figure 4.11, for example,
J ^ p)p + W ) h (4.28)
The algebraic steps to obtain equations 4.28 and 4.29 from the discretised governing 
equations can be seen in the Appendix E. It can be observed from equation 4.27 that the 
term c is essentially (the negative of) the left-hand side of the discretised continuity 
equation (4.24) evaluated in terms of the current guessed velocities. If c is zero, it means 
that the guessed velocities using the current estimate of the pressure, do satisfy the 
continuity, and no pressure correction is needed.
Moreover, it may be worth to add that the discretised pressure-correction equation is of the 
same form as the discretised scalar equations, hence the same algebraic solution 
techniques is used. FLUENT uses the same algebraic multigrain method (AMG), 
FLUENT manual (1998).
4.3.4 The pressure velocity coupling - SIMPLE algorithm
The non-linear and strong coupling between the flow variables (mainly the velocity and 
pressure) features of the full Navier-Stokes equations make any analytic solution scarce 
and numerical solution procedures necessarily iterative. The non-linearity of the 
convective terms means that the a coefficients change as the velocity field changes and 
must therefore be updated after each iteration.
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The SIMPLE algorithm is formulated to take the advantage of the these facts
• An approximation of the velocity field is obtained by solving the discretised
momentum equation (equation 4.16), The pressure gradient term is calculated using
the pressure distribution from the previous iteration or an initial guess by solving
equation 4.21.
•  The pressure correction equation (equation 4.26) is formulated and solved in order to 
obtain the new pressure distribution.
• A new set of mass fluxes is calculated using the current values of velocity fields and 
substitute in the following iteration.
• Applying SIMPLE to resolve the pressure-velocity coupling may result in a diverge 
solution. In order to avoid this divergence and to obtain a better and improved 
approximation of the correct pressure field some under-relaxation is introduced during 
the iterative process, Versteeg and Malaleskera (1995). In fact, this likely to occur in 
our case where the non-linear equation set is complicated further due to non-Newtonian 
viscosity. It is therefore important to control the change in the new improved pressure,
p - = p ' + 6 p p '  ( 4 . 2 9 )
where 0 < £p < 1 is the pressure under-relaxation factor. Equation 4.16 means that only 
a fraction of p is added to p* to correct the pressure. The optimum value for pressure 
under-relaxation factor is a case dependent, Patankar (1980). For our case, it was found 
that a value of == 0.5 is acceptable for mild shear thinning whereas for strong shear 
thinning (typically with power law indices between n = 0.4 and n -  0.2) Zp -  0.3 was 
employed.
Furthermore, for steady-state incompressible flow the steps of SIMPLE algorithm may be
summarised as follows, Patankar (1980), Versteeg and Malaleskera (1995):
1. The iterative process is started by guessing an initial pressure field, p*, u*, and v*.
2. The cell face mass fluxes are interpolated f .
3. Using these guessed values the discretised momentum equations for tt and v are solved 
to obtain intermediate velocity fields, i t  and v*. Because the intermediate values of u 
and V* were calculated from guessed fields they might not necessary satisfy the 
continuity equation. Hence, they are used to obtain a pressure connection field p ,  which 
when added to p  (with an appropriate under-relaxation) will make (hopefully) the 
velocity field in closer agreement with the continuity equation.
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4. Solve all the other transport equations. In our case is the constitutive equation for the 
viscosity.
5. In equation (4.29), designate the new value p"®'*' on the left-hand side as the new value 
of p*. Return to step 2, and repeat the process until the convergence criteria (see 4.3.5) 
are achieved.
4.3.5 The convergence criteria
In the present study, two convergence criteria have been applied, namely, the residuals of 
the momentum and mass equations and a global convergence for the drag coefficient. In
FLUENT segregated solver, the residual R  for momentum equations is defined as the 
imbalance in the discretised form of the momentum equation (equation 4.16) summed over 
all the computational cells P normalised by a factor representing the flow rate through the 
domain. This 'normalised' residual may be defined as:
cells PK = ----- nb
cells P
p2/p
(4.30)
For continuity equation, the scaled residual is defined as
I f  = "  (4.31)
iteration M
where
R -  ^  I rate of mass creation in cell P| (4.32)
cells P
The denominator is the largest absolute value of the continuity residual after M  iterations. 
The value of M  is chosen to be the default value of 5. The values of the residuals were 
required to fall below 10’^  for momentum equations and for continuity.
Likewise, the drag coefficient was considered to have converged when no change occurred 
in the first five digits in twenty consecutive iterations. Using such criterion, it is found that 
the last value of the drag coefficient would not change by more than 0.1% when the case 
was overrun for more iterations. An overall convergence was therefore considered to have 
been achieved when both convergence criteria had been met. The validity of these 
convergence criteria has been established by comparing our results with the available
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analytical solution for the flow past a sphere inside a uniform tube, as shown in the 
previous section.
4.3.6 The boundary conditions
In all CFD problems the boundary conditions should be specified correctly. In the previous 
chapter (section 3.5), the boundary conditions as applied to the undertaken problems were 
defined. In this section, the set of the boundary conditions inputs that should be supplied 
from the boundary condition options available in FLUENT is provided. More details about 
the calculations and internal treatments needed to implement these boundary conditions 
can be found in FLUENT 5 manual (1998) as well as in some CFD textbooks, such as 
Patankar (1980), Versteeg and Malaleskera (1995).
• At the sphere surface: the default no-slip wall boundary condition is imposed. This 
means that the surface of the sphere will be treated as a solid surface with the velocity 
components set to zero.
• At the tube wall: In the case of flow past a stationary sphere, the tube wall is specified 
a condition similar to the above condition mentioned for the surface of sphere. For a 
settling sphere, however, the tube wall is given a translational velocity equal but 
opposite in direction to the settling velocity. This is achieved by entering the value of 
the velocity in the Motion section of the Wall boundary condition menu.
• Along the axis of symmetry: the axis boundary condition is specified.
• At the inlet: for a settling sphere case, a constant axial velocity inlet is used. As? 
mentioned in section 3.5, the terminal settling velocity value is specified. For the 
stationary sphere, the fully developed conditions are prescribed according to equation 
3.25c. A user-defined fuhction (UDF) is used to introduce the velocity profile at the 
inlet. The C source code for this UDF is shown in Appendix F. This UDF makes use 
of Fluent-provided DEtlNE-PROFILE macros, FLUENT 5 manual (1998).
• At the outlet, the outflow boundary condition is used. The zero diffusion flux condition 
for all variables applied by FLUENT at an outflow boundary is approached physically 
by fully developed flows. Therefore, as mentioned previously, tests were carried out in 
order to place the outflow boundary sufficiently far from the spherical particle 
(minimum of 10a) where any reverse flow errors can be eliminated and the fully
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developed assumption is hold, FLUENT manual (1998), Versteeg and Malaleskera 
(1995).
4.4 The verification of CFD codes
Owning to the non-linear nature of governing equations, one would examine the accuracy 
of the SIMPLE coupling scheme by considering a simple problem that has analytical 
solutions. Here we apply the finite volume codes to obtain solutions for the flow of 
generalised Newtonian fluid inside the considered geometries, that is uniform (straight) 
and tapered tubes. The objective of this exercise is to find out the capability of FLUENT 5 
to capture the behaviour of the flow of generalised Newtonian fluids, in particular, in 
complex tapered tube and/or when the fluid is extremely shear thinning, that is for power 
law index value of « = 0.2. In all calculations the third order upwind QUICK scheme was 
used for velocities and second order accurate scheme was used to interpolate the pressure 
on the cell faces. The solution was considered to be converged when the above 
convergence criterion for the residuals had been met.
4.4.1 Flow of generalised Newtonian fluids inside a uniform tube 
The accuracy of the coupling algorithm and the discretisation scheme has been tested for 
isothermal power law fluid flow in a uniform tube. For the numerical solution, the velocity 
profile for fully developed power law flow,
«+1
(4.33)1 ^ r  I »R
is imposed at the inlet boundary. On the wall of the tube, no-slip velocities are specified 
whereas at the outflow boundary conditions are imposed on the outlet. The flow is 
assumed to be axisymmetric with symmetry conditions (Axis boundary) on the axis of the 
symmetry.
To perform the test with the equation above, the fluid is assumed to flow with a mean 
velocity of Vm ~ 0.01 m/s inside a tube o f0.025 m diameter and 0.25 m length. In this type 
of flow, velocities are independent of the coordinate along the flow direction where the 
flow is fully developed. Thus, the condition at the inlet is expected to hold right through 
the domain. The FYM.grid used in this test is shown in figure 4.13. Figure 4.14 presents
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the accuracy of the numerical solution by making a comparison between the analytical and 
numerical solutions for three values of power law index, ai = 1 (Newtonian), 0.5 and 0.2. 
The solid and dotted lines corresponds to the analytical and numerical solutions 
respectively. It is encouraging that even for crude mesh, the code seems to produce the 
expected results down to power law index value of n — 0.2. The other main output, the 
pressure drop agrees with the analytical solution to four significant figures. Table 4.6.
Figure 4.13: The grid usedfor testing the flow inside a uniform tube.
0.8
0.6
0.4
0.2
0
------ Anabtical (n = 1.0)
........ Numerical (n= 1.0)
------ Anablical (n = 0.5)
........ Numerical (n = 0.5)
- ------ AnaKtical (n = 0.2)
-
........ N umerical (n = 0.2)
-------------- --- r-- ■ 1
0 0.5 \ y  1.5 2 2.5
Figure 4.14: Velocity fields for isothermalfully developed generalised Newtonian fluids.
Table 4.6: Comparison between the analytical and numerical results for the pressure drop 
in a uniform tube filled with a generalised Newtonian fluid.
Power law index
w
Pressure drop (-AP)
Analytical Numerical
1.0 0.0320 0.0309
0.5 0.0283 0.0286
0.2 0.0252 0.0265
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4.4.2 Flow of generalised Newtonian fluids inside a tapered tube
The accuracy of the numerical method is also tested for the flow of generalised Newtonian 
fluid inside complex tapered tube geometry. The comparisons in this study were carried 
out for diameter ratio of RiiRz =10:1 and two half angle values of © = 10° and 30°. The 
calculated numerical results are checked against the pressure drop values obtained by the 
analytical expression found in Kwon et a l  (1986). With reference to this paper, the total 
pressure drop through a tapered tube was approximated as:
^tatal = ^u p  + ^can + (4.34)
where APcon, and APdown are the pressure drop due to the flow through the upstream 
section into the conical section, due to the flow through the conical section of the tube, and 
due to the flow through the downstream section out from the conical section to the 
downstream tube. The upstream section pressure loss, APup, is assumed to be the sum of 
the pressure drop due to fiilly developed flow through the upstream section and the orifice 
pressure drop (contraction), that is:
APup = APo + APdev (4.35)
Similarly, the downstream pressure loss, APdown, is assumed to be the additive of the 
pressure drop due to the fully developed through the downstream section and that due to 
the exit from the conical to the downstream tube. Normally the exit pressure part is very 
small compared to the other contributions, hence been neglected, Kwon et a l (1986). 
Therefore the total pressure may be approximated by adding equation 4.33 to 4.34 as 
follows:
^^otal — ^dev ^con ^down (4.36)
Now APdev and APdown are calculated from the analytical formulae of the pressure in a 
uniform tube whereas APo and APcon can be approximated by the analytical formula 
derived by Kwon et a l (1986). These formula are quite complicated and would not be 
shown here. It should be noted here that Kwon et a l (1986) equations were obtained for 
creeping flow of generalised Newtonian fluids. Before shown the results of comparisons, it 
should be emphasised here that for Newtonian fluids, the numerical results are compared 
with the analytical expressions of Oka, can be found in Appendix <?. However for the 
other power law indices, the comparisons are established with that derived in Kwon et a l 
(1986). The reason behind this is the fact that the first set of expressions are applicable for 
slow laminar flows whereas the later ones are only applicable for very slow (or creeping) 
flows.
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Typical finite volume mesh configurations used in the present study is shown in figure 
4.15 for 0  = 30°. The no-slip condition is prescribed along the solid wall and symmetry 
(Axis) conditions are prescribed along the centreline. At the inlet and the outlet boundaries, 
same conditions as those for uniform tube were applied.
Figure 4.15: Typical mesh usedfor flow through a tapered tube (0  = 30 %
The computed values of the total pressure drop for flow of a Newtonian fluid through two 
tapered tubes as well as those calculated by the analytical expression are plotted against the 
flow Reynolds number based on the maximum velocity at the downstream tube (Retz), 
figure 4.16. The half angles considered here are © = 10° and 30°. The agreement is 
regarded to be fairly acceptable.
Furthermore pressure drops, across a tapered tube of © = 30°, are compared in figure 4.17 
for three values of power law index and over a range of downstream Reynolds number. For 
low values of Ret: the numerical results are close to those obtained by the analytical 
expression. Over the range of power law index, the discrepancy tends to increase with 
Ret:. This can be attributed to the increase of inertial forces, which are neglected in Kwon 
et al. (1986) expressions.
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Figure 4.16: The differences between the total pressure drop values calculated from  
Oka analytic solutions, Kwon et a l (1986), and those found by the present numerical 
solution.
%
r 0.1 -
a.o
= 0.01
0.001
Analytical (n = 0.8) 
Numerical (n = 0.8) 
Analytical (n = 0.6) 
Numerical (n = 0.6) 
Analytical (n = 0.2) 
Numerical (n = 0.2)
0.01 0.1 1 Downstream Reynolds number (Re»)
10
Figure 4.17: Comparison o f numerical results to Kwon et al (1986) analytical values for  
the pressure drop across a tapered tube o f ^  = 30°.
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5. THE FLOW PAST UNBOUNDED SPHERES
5.1 Introduction
The numerical results of the flow past unbounded spheres are presented in this chapter. For 
Newtonian fluids, this case has already been investigated numerically by many authors in 
the past, see Chapter 2. However, considering those fluids first is a necessary step in order 
to establish the reliability of the numerically drag prediction procedure. On the other hand, 
for inelastic shear thinning fluids ambiguity has encircled the final conclusion as a result of 
the contradictory trends reached by different investigators, Ceylan et al (1999). An 
important question that seems to have not been answered definitively in the literature is the 
dependence of the drag coefficient on the shear rate distribution. In this study, this 
dependence is taken into account by introducing a further parameter to link between the 
shear rate distribution over the sphere's surface and the shear rate dependent viscosity of 
the fluid. This parameter is called the dimensionless shear rate H, defined in § 3.6.4.
In obtaining the numerical results in this chapter, computations were carried out for values 
of power law index of 0.2 < M < 1.0, and dimensionless shear rates 0< H < 2.0  over a range 
of particle Reynolds numbers 0.01 < Rep (or Re p) <. 100. The power law index n (< 1) is 
simply a measure of the degree of the shear thinning behaviour. The dimensionless shear 
rate here is defined as the ratio of the minimum shear rate, above which the power law 
begins to describe the rheological behaviour, to the effective shear rate created by the 
sphere. It is interesting to note that the rheological model used in this study (Spriggs 
truncated model) contains the Ostwald de Waele power law model as a special case, that is 
when 0. This chapter is concluded by presenting comparisons with the appropriate data 
available in the literature whenever possible and in particular for this limiting case, for 
example with the predictions of Graham and Jones (1994) expressions (equation 2.29).
5.2 Newtonian fluids
The present values of drag coefficient for spheres in a Newtonian fluid are compared with 
the previous experimental and numerical values. Figure 5.1 shows that the current
1 1 1
f * s^î
1 0 0 0 —  Khan & Richardson (1987) 
•  Clift et al (1978)
A Present Numerical100
10 -
1001010.1 Reynolds number (Re)
Figure 5.1: The drag coefficient for a sphere in unbounded Newtonian fluid - 
Comparison with previous results.
numerical results agree well with the best two sets of experimental values. These are the 
reported values by Clift et al. (1978), and those obtained by Khan and Richardson (1987) 
semi-empirical (equation 2.11) which is believed to give the best available fit with standard 
drag curve, Laero et al. (1997). The maximum errors being found in the order ±5% and 
±3.5% from the former and the latter studies respectively.
Furthermore, the computed values of the form and friction contributions (Cpd and Cvd) to 
the total drag are reported in Table 5.1 and compared to those found in two previous 
numerical investigations and to the well-known Stokes solution. In view of this, close 
agreement prevails for the friction drag coefficient, however, the match is seen to be less 
good for the form drag coefficient, particularly at low Reynolds numbers.
5.3 Shear thinning fluids
Analysis of the present study results in the power law limit permits a comparison to be 
made with the available results in the literature. In the following, the numerical values for 
the drag coefficient (or equivalently the drag correction factor) are presented at low
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Table 5.1; The form and the friction contributions to total drag coefficient for a sphere in 
Newtonian fluids (the number in parentheses refers to the friction drag).
Authors Rep
0.01 0.1 1.0 10 100
Stokes Solution 800(1600)
80
(160)
8
(16) - -
Le C\a.k et al. (1970) - 81.06(163.45)
9.09
(18.29)
1.536
(2.801)
0.506
(0.590)
Dennis & Walker 81.4 9.16
(1971) (162.80) (18.27)
Present study 796.0(1640.3)
79.38
(163.73)
8.92
(18.33)
1.50
(2.796)
0.506
(0.580)
(creeping) and moderate Reynolds numbers together with the comparisons for power law 
conditions ( //~  0).
5.3.1 Creeping flow regime
For unbounded spheres in shear thinning fluids with theology described by the power law 
model, the comparison is carried out between the predictions of this study and the 
numerical results of Gu and Tanner (1985). Table 5.2 summarises the comparison, from 
which the agreement is seen to be acceptable with an average deviation of 1.4%, Partial 
explanation for these differences may be attributed to the fact that Gu and Tanner (1985) 
used a very coarse mesh. However, same general trend is obtained. That is the drag 
correction factor increases as power law index drops, then it decreases at « = 0.2.
Moreover, it is worth noting that the values of Y at different n and at power law conditions 
(//~0) listed in Table 5.2 were obtained for three values of modified particle Reynolds 
number Rep at creeping flow conditions, namely. Rep = 10' ,^ 10'  ^ and 0.1, For each 
Reynolds number and a specific power law index, the value of the drag correction factor 
was obtained. It was found that the values of Y are exactly the same for the thr ee Reynolds 
numbers. This exercise clearly shows the constancy of (Y vs. n) up to Rcp ~ 0.1 and 
therefore Rep = 0.01 appears to be suitable for examining creeping flow conditions. It can 
be seen also from this exercise that proposing three ranges of particle Reynolds number in 
creeping flow regime over which the functionality of Ton « is different as stated by Ceylan
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Table 5.2: Comparison between the computed drag correction factor atid previous results 
o f Gu and Tanner (1985).
Power law 
index (/;)
Drag correction factor (7 )
Present Gu and Tanner
0.9 1.1414 1.140
0.8 1.2652 1.240
0.6 1.4542 1.382
0.5 1.5099 1.420
0.4 1.5339 1.442
0.2 1.4832 1.413
et al. (1999) (see Chapter 2), does not seem to be supported neither physically nor 
numerically.
Furthermore, Figure 5.2 shows the drag correction factor as a function of power law index 
over a range of dimensionless shear rates H. The maximum and the minimum standard 
deviations of the value of drag correction factor at different values of H  and a specific 
value of n are estimated to be ±0.1 and ±0.5 at power law index values of « = 0.9 and
1.6
1.4
b  1-2U013 1.0a
1  0*
gt  0.6 
^  0.4
o
0.2
0.0
- ^ H ~ 0 ( P L )  
- x - H  = 0.1 
- ^ H  = 0.5 J.O
—'x—H — 1.5 
- m - H - 2 . 0
0.2 0.4 0.6
Power law index (/i )
0.8
Figure 5.2: The drag correction factor as functions o f n and H in creeping flow regime.
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n = 0.2 respectively. This demonstrates that at creeping regime, for the same power law 
index the drag correction factor is not necessarily the same as originally thought. In other 
words, for creeping flow investigated herein, Y does not depend on n only, but also on 
another variable, which is found in this study to be the dimensionless shear rate, H. Figure
5.2 depicts that for different values of H  the three trends stated in the literature coexist, 
Laero et al. (1997) and Ceylan et al. (1999). Depending on the value of H, the drag 
correction factor is greater than unity, close to unity, or less than unity. It is worth noting 
that Y does seem to converge to unity when n = 1.0 regardless the value of H, which is the 
case for Newtonian fluids. The value of Y deviates from unity with decreasing value of «, 
which denotes the increasing importance of shear thimiing effects on the drag acting on the 
sphere. In addition, one would expect Y values to gradually approach those for power law 
fluids as H is reduced. This is indeed the case as shown in Figure 5.2.
The increase in the drag correction factor as n decreases has been the trend observed by all 
pre\’ious numerical studies for creeping flow of power law fluids over a spherical particle 
(refer to Table 2.1). However, the agreement between the theoretical investigations 
including those shown in some of the aforementioned numerical studies and the 
experimental results previously reported in the literature may have been always fortuitous, 
Chhabra et al. (1980). Our current numerical results seem to support this argument. The 
reason is due to the fact that so far no direct reference has been made for the necessity of 
keeping the dimensionless shear rate, H, constant. The cuixent finding seems to give an 
explanation for; firstly the discrepancy between the previously reported numerical results 
and some experimental data, and secondly, the scattered nature of the experimental results, 
Chhabra and Uhlherr (1981) and Chhabra and Richardson (1999).
The variation of the dimensionless shear rate H  with rheological properties of real shear 
thinning fluids is examined by using data from Acharya et a l (1976) and tabulated in table
5.3. Using equation (3.28b); it is now possible to generate values of / /a s  a function of ymin 
for different values of power law index n in different Reynolds number regimes ranging 
from creeping Rep = 0.001 to Stokes regime RCp = 0.1. The calculations based on real fluid 
data of Acharya et al (1976) are plotted in Figure 5.3 (parts a, c for Re'p = 0.001, 0.01 and 
0.1. respectively). The plots are shown for two n values n = 0.75 and n ~ 0.5. The lowest 
value of the shear rate range has been taken as ymin. Without loosing the accuracy, the 
values of power law index are taken to be as shown in Table 5.3.
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Table 5.3: Rheological parameters provided by Acharya et a l (1976)
Solution Density 
Kg. m'^
n m
N. s" m'^
Shear rate 
range (s'^)
Ymin
(s')
1% CMC 1037.9 0.5 3.85 1 - 1000 1
0.75% CMC 1025 0.75 1.042 1 - 1000 1
0.5% Carbopal in
10 % NaOH
(85%: 15% by volume)
1000 0.5 1.7 0.01-10 0.01
0.5% Carbopal in 
10 % NaOH 
(80%: 20% by volume)
1000 0.75 0.22 0.01-10 0.01
1.6
n= 0.5 
n= 0.751.4
1.2
1
0.8
0.6
0.4
0.2
0
0.2 0.4 0.6 0.8 10
Minimum shear rate ( y min )
Figure 5.3a: The calculated values o f dimensionless shear rate H  as a function o f 
minimum shear rate (ymm) fo r two values o f power law index. Re p = 0.001
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0.25
n = 0.5 
n = 0.750.2
0.15
0.1
0.05
0
0.8 10.60.2 0.40
Minimum shear rate ( y min )
Figure 5.3b: The calculated values o f dimensionless shear rate H  as a function o f 
minimum shear rate (ymm) for two values o f power law index. Re p ^ 0.01
0.04
n= 0.5 
n = 0.75
2kS
■S 0.02I
I 0.01B5
0.8 10.60.40.20
Minimum shear rate ( y min )
Figure 5.3c: The calculated values o f dimensionless shear rate H  as a function o f 
minimum shear rate (ymin ) fo r two values o f power law index. Re p = 0.7
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Comparing the variations of dimensionless shear rate H with ymin at different Reynolds 
number (Rep) suggest that transition from the Newtonian to the shear thinning behaviour is 
much more rapid and significant at very small Reynolds number. The effect becoming far 
less significant as Rcp is increased. This is in agreement with the drag correction factor 
results shown in Figure 5.2 and later in Figure 5.6.
It is also possible to comment on the effect of the magnitude of the zero shear viscosity by 
comparing H  values at creeping flow regime (Rep = 0.01) as before for different values of 
n (for a given w, i^ o m). Figure 5.4a shows the trends for a fluid with low value of the 
zero shear viscosity (small m ,m  = 0. \ N. s”. m'^ ) and Figure 5.4b presents the results for a 
fluid of high zero shear viscosity (large w, w = 1 N. s”. m'^ ). Comparing the two figures 
suggest that with a highly viscous fluid (w = 1), non-Newtonian behaviour is manifest only 
when w -> 0. Whereas when zero shear viscosity approaches zero {m 0), figure 5.4a, 
that is a dilute pseudo-plastic, the behaviour remains close to Newtonian over a wide range 
of power law index («) and minimum shear rate (ymin)-
2.5
n= 1 
n = 0.75 
n = 0.5 
n= 0.25
2
1.5
1
0.5
0
10.80.60.2 0.40
Minimum shear rate ( y m in )
Figure 5.4a: The calcidated values o f dimensionless shear rate H as a function o f 
minimum shear rate (ymm) for a low value o f zero shear viscosity. Here Re p = 0.01
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n=0.5 
n = 0.25
0.3
0.25 -
j=
$0.15 -
0  0.05
0.8 10.60.2 0.40
Minimum shear rate ( y min )
Figure 5.4b: The calculated values o f dimensionless shear rate H as a function o f 
minimum shear rate (ymm ) for a large value o f zero shear viscosity. Here Re p = 0.01
5.3.2 Higher Reynolds number flow regime
Figures 5.5a and 5.5b compare the drag coefficient for different Reynolds numbers for 
three values of flow behaviour index and two values of H. The former is for power law 
conditions {H ~ 0) whereas the latter is for H = 1.0. In all cases, the drag coefficient 
decreases with Reynolds number. When compared with the predictions obtained by the 
expressions of Graham and Jones (1994), that is equation 2.29, our results show good 
agreement with those predictions at / /  ~ 0. However, this agreement does not appear to 
hold for / /  = 1.0. It may be interesting to note that the drag coefficient versus particle 
Reynolds number trends are different for the two values of H. At H  = 1.0, the crossover 
value of Reynolds number (RCp- 4), upon which the derivation of equation 2.29 is based, 
disappears.
In addition, it is worthwhile to mention again here that it was suggested that the drag on 
spheres in shear thinning fluids can be correlated by the Standard drag curve for 
Newtonian fluids within ± 30 %. This point of view was reached by Lali et al. (1989), 
Chhabra (1990), and many others, see Chhabra (1993). Graham and Jones, on the other 
hand, argued that the use of the standard drag curve is inappropriate. Instead they
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Figure 5.5a: Variation o f drag coefficient with particle Reynolds number for three 
values o f power law index, H -  0. Solid lines are the results o f Graham and Jones 
(1994).
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Figure 5.5b: Variation o f drag coefficient with particle Reynolds number for  
values o f power law index, / /  = 1.0. Solid lines are the results o f Graham and 
(1994).
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suggested preferential use of their equation over the Standard drag curve (« = 1). The 
present numerical results do not seem to support the opinion of Graham and Jones (1994). 
It is apparent from Figures 5.5a and 5.5b, not only are the trends distinguishable, but also 
the differences in the numerical values at the two values of H  are in the same order as that 
between the predictions of their equation and those obtained by the standard drag curve. 
For a particle Reynolds number of RCp= 1, the percentage differences between the values
of the drag coefficient at 7/ ~ 0 and / /  = 1.0 are ranged between 23% and 50% for w = 0.8 
and n = 0.4, respectively. Nevertheless, as Reynolds number increases, the drag coefficient 
appears to be less dependent on shear thinning parameters as shown in Figure 5.6 for « = 
0.5 and over a range values of H.
1000
—X— H — 0.1
H = 0.5 
H=1.5 H = 2.0100
UD
1001010.1
Reynolds number (Re p)
Figure 5.6: Drag coefficient as a function o f dimensionless shear rate H over a range o f 
Rep/or n = 0.5.
5.4 Flow field
5.4.1 Pressure and viscous drag contributions
More insight into the drag phenomena may be gained by examining the relative 
contributions of the viscous Fm  and pressure Fpd forces to the total drag force Fd. Figure
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5.7 shows these contributions in the creeping flow regime. The filled symbols correspond 
to the viscous force whereas the empty symbols correspond to the pressure force. The 
figure demonstrates the variation with n for three values of dimensionless shear rate, 
namely, ~ 0, / /  = 0.5 and H = \. For all values of H  when « = 1, both normalised 
contributions have values very close to unity, implying the viscous part of the drag force is 
very nearly equal to twice the pressure part This is in agreement with the Stokes solution 
For other values of //, the trend is different depending on the value of H  and some 
observations made from this plot can be summarised as follows:
• For H =^0, the pressure part increases almost linearly with decreasing n. However, the 
viscous part, initially increases with decreasing n until it reaches its maximum at about 
ti ~ 0.6 before it starts to decrease. This reduction in the viscous force does not show in 
the total force until n = 0.2.
• For / /  = 0.5, the pressure part also increases but at a smaller rate in comparison with 
that for 7 ^ - 0 .  The viscous part decreases with decreasing n twice as fast as the 
pressure part. This may explain why the total drag for different values of n is almost as 
that for the Newtonian case, that is F~ 1 when / /  = 0.5.
• For H = \, both parts decrease with decreasing n at about the same rate. This may be 
the reason why the total drag decreases as n decreases at this value of H.
sow
OX)2■o
■2
Io%
3.0
2.5
2.0
1.5
1.0
Viscous, H ~ 0 
Viscous, H = 0.5 
Viscous, H = 1
Pressure, H ~ 0 
Pressure, H = 0.5 
Pressure, H = 1
0.5
0.0
10.80.60.40.20
Power law index (« )
Figure 5.7: Contributions ofpressure Fpd and viscous Fvd forces to the total drag force 
FD acting on the sphere at creeping conditions (Re p = 0.01).
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Furthermore, to investigate the effect of inertia on the pressure and viscous contributions, 
figures 5.8 - 5.9 show the variations of the fonn Cpd and friction Cvd drag ratios 
(normalised by the total coefficient Co) with Reynolds number. In Figure 5.7 the variations 
are shown for several selected values of power law index and at power law conditions {H ~ 
0), whereas in figure 5.9 they are shown for different values of dimensionless shear raté 
and at n = 0.5. An inspection of these results clearly shows that:
• As particle Reynolds number increases (that is as the relative velocity increases) the 
boundary layer thickness (where viscosity predominate) decreases and the skin friction 
forms gradually decreasing in the total drag. As a result the pressure drag gradually 
makes an increasing contribution.
• Figure 5.8 also shows that for a fixed value of particle Reynolds number the 
differences between the contributions for different values of n seem to be the same over 
the entire range of particle Reynolds number considered.
• The pressure drag increases as the degree of shear thinning increases {n drops from 1 to 
0.4) whereas the viscous drag shows the reverse trend with n.
• In the low Reynolds regime (Rep < 1), the contribution of the pressure part decreases as 
the \ alue of dimensionless shear rate increases and reaches the Newtonian value of 
CrD /Co-0.33atf/ = 2.0.
• The rate at which pressure and viscous contributions change with particle Reynolds 
number increases as H  decreases. And as a result when particle Reynolds number 
increases the effect of H  on the contributions gradually diminishes and they tend to 
approach a constant value, which is the value of the contribution at i f  ~ 0.
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Figure 5.8; Drag ratio variations with Rep and power law index for dimensionless shear 
rate H  ~ 0 (a) Form {Pressure) - ( C p d / C d ) ;  (b) Friction {Viscous) - {Cvd!Co)
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Figure 5.9: Drag ratios variation with Re p and dimensionless shear rate for power law 
index n = 0.5. (a) Form {Pressure) - {CpdICd)', (b) Friction {Viscous) - { C ^ C d).
5.4.2 The maximum shear rate
If the power law model is used to describe the shear thinning behaviour, the 
experimentalists need to make sure that the power law parameters {n and m) are fitted to 
data over shear rate range, which embraces the maximum shear rate over the surface of the 
sphere, Chhabra and Uhlherr (1980a). This parameter is normally calculated using Stokes 
solution, which was originally derived for a sphere falling slowly in Newtonian fluids, and 
is given by:
3 1/
Y max,St 2 a (5.1)
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Recently, for shear thinning power law fluids, Graham and Jones (1994) concluded that 
Stokes solution underestimates the actual maximum shear rate at low power law indices 
and/or at high Reynolds numbers. For a better estimate of this maximum shear rate, they 
suggested the use of their plot instead.
Figure 5.10 shows the variation of the maximum shear rate with power law index over the 
considered range of particle Reynolds number at power law conditions (H ~ 0) and when H  
= 1. From this figure, the maximum non-dimensional shear rate for the creeping 
Newtonian case (Rep = 0.1 and « = 1) = 1.45. The actual maximum shear rate is thus equal
to = y X F ^ /a  «72.5s'^ which compares well with the analytical (~ 3% less than the 
analytical) given by equation 5.1. More interestingly, the calculations in figure 5.10 also 
show that at creeping conditions when H = \ the maximum shear rate value does not 
deviate much from Stokes solution as in the case when ~ 0. That is when the sphere falls 
such that the flow field is described by a viscosity approaching the Newtonian plateau, 
then equation 5.2 can be expected to give the right value of maximum shear rate 
irrespective of the value of n. At Rep = 0.1 and / /  = 1, the maximum shear rate (non- 
dimensional) is around 1.5 for all values of fi. However, as the value of particle Reynolds 
number increases then the maximum shear rate values at Æ -  0 and N  = 1 get closer to each 
other and they are identical at Rcp = 100.
100
-n =  1.0 
-n  = 0.8, PL 
-n  = 0.5, PL 
-n=0.4 ,PL  
- n = 0.8, H = 1 
-n=  0.5, H= 1 
-n = 0.4, H = 12}m
I 10  " rssSI
100, 100 1 Reynolds number Re
Figure 5.10: Variations o f maximum surface shear rate with power law index over a 
range o f Reynolds number for two values o f H, H ~ 0  arui H = I ------
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5.4.3 Local fields
The influence of inertia, shear thinning and combined inertia and shear thinning on the 
flow field for the unbounded sphere is examined. As mentioned previously in Chapter 3 
qualitative information about the drag phenomena can be obtained by examining the 
changes in the stress and pressure fields around the sphere, .which aie the primary variables 
responsible for the variation in the drag coefficient. Note that in the following both the wall 
shear stress and the pressure are presented in non-dimensional foim using the first method 
mentioned in § 3.5.3.
Figures 5.1 la to 5.12e show the changes in the local pressure and wall shear stress on the 
surface of the sphere for selected values of shear thinning parameters {n and H) at two 
values of particle Reynolds number, Rcp = 0.1 and 100. These are plotted as functions of 
the polar angle a  around the sphere from upstream to downstream. Some observations may 
be drawn from these figures:
• The changes of both the surface shear stress and the pressure vary smoothly at low 
Reynolds number. The upstream and downstream portions of the curves are almost 
symmetrical for Rcp = 0.1. When inertia is introduced (Rep = 100) the curves 
become asymmetric as shown in Figure 5.11a. At low particle Reynolds number, the 
surface shear stress has a maximum at a point along the equatorial plane of the 
sphere, but by Rep = 100, the maximum has moved further forwards.
» Regardless of the value of n or //ju s t as the case of Newtonian fluids, at low particle 
Reynolds numbers (Rcp = 0.1) the pressure and the wall shear stress seem to 
approach their minimum and maximum values, respectively, at the expected angle of 
a  = 90° (see Figures 5.11b - d and 5.12b - d).
• The influence of n on the stress, and the pressure distributions disappears for a 
dimensionless shear rate value of unity, (see part c of Figures 5.11 and 5.12) It is 
only the relative velocity, which will affect the drag. For the same particle Reynolds 
number and same sphere, then as n decreases the relative velocity decreases, hence 
the total drag decreases accordingly.
• The effects of H  on the distributions of the pressure and wall stress seems to vanish 
at particle Reynolds number of Rep = 100 (parts f).
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Figure 5.11: The wall shear stress Xwau on the surface o f the sphere for: (a) Newtonian 
fluid over a range o f particle Reynolds numbers (b) selected values o f n (unbounded, Re p 
^  0.1, H  ~ 0); (c) selected values o f n (unbounded. Re p = ft 7, / /  = 1); (d) selected values 
ofH  (unbounded. Re p = 0.1, n = 0.5); (e) selected values o f n (unbounded. Re p = 100, H  
^  0); (f) selected values o f H (unbounded. Re p = 100, n = 0.5).
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Figure 5.12; The surface pressure psow the surface o f the sphere for: (a) Newtonian fluid  
over a range o f particle Reynolds numbers (b) selected values o f n (unbounded, Re p = 
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Moreover, one of the useful observations for the case of the settling sphere in unbounded 
shear thinning fluids, which is not available in the literature, is concerning the viscosity 
distribution over the sphere surface. This is extremely important in particular at low 
Reynolds number flow (creeping flow). Displayed in parts a and b of the figure 5.13 the 
local viscosity values on the surface of the sphere at particle Reynolds number of Re'p = 
0.01 for various values of n (H ~ 0) and various values of H {n = 0.5), respectively. For 
further clarification the values for various « at 0.1 and H= 1 are also presented in parts 
a and b of figure 5.14 respectively. All values shown are scaled by the power law reference 
viscosity that is defined by rjref = w (VJaY'K
It may be worth reminding here that in our truncated model there is a further parameter that 
is the minimum shear rate above which the fluid turns from Newtonian to shear thimiing 
Ymin (see Chapter 3). This gives rise to a maximum viscosity given by T|nm = (Ymin)”*'»
where Ymin = HVJa. Hence the non-dimensional maximum viscosity can be readily shown 
to be p*mj,x = Figure 5.13 shows that when a settling particle does experience an 
effective shear rate (given by VJd) very high with respect to the minimum shear rate of the 
fluid (that is when iY’~ 0). then the viscosity field over the sphere's surface is described by 
the power law portion of the viscosity curve. However, comparing the values irr Figure 
5.13a and Figure 5.14a clearly demonstrates that when this effective shear rate is 
comparative to the minimum shear rate of the fluid (when Ff = 0.1) the influence of upper 
Newtonian plateau (r)„iax in our model) becomes noticeable. The smaller is the value of 
the lower is the value of constant viscosity. As H  increases (that is as Ymin increases for a  ^
constant VJa) the fraction of the sphere's surface that 'sees' the maximum viscosity 
becomes larger, see Figures 5.13b and 5.14b. This agrees very well with the behaviour of 
the six hypothetical polymer solutions with shear thinning behaviour described by Ellis 
model presented by Chhabra and Uhlhen* (1981). The authors noticed that the influence of 
zero shear viscosity (which is equivalent to r)max in our model) increases as the value of 
zero shear viscosity decreases. It can be readily shown that for fluids having the same 
pov\er law index and consistency coefficients, as zero shear viscosity decreases the 
minimum shear rate increases. Two more observations can be detected from these figures. 
First it can be observed from figure 5.13b that at a value of / / =  2, the viscosity on the 
sphere's surface is effectively constant and dominated by rjmax- At this particular value of H  
it has been found (§3.5.1, Figure 5.2) that the drag coiTection factor T< 1 and as n
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Figure 5.13: The local viscosity values on the surface o f the sphere for (a) selected 
values o f n (H ~0) (b) selected values o f H (n = 0.5) (unbounded, Re p = 0.01).
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Figure 5.14: The local viscosity values on the surface o f the sphere for selected values o f 
n (unbounded, Re p = 0.01).
decreases Y decreases. This is inline with the results obtained for the influence of the flow 
behaviour index (s) on Y using Carreau model reported in the literature whereby the zero 
shear viscosity (equivalent to Timax) is taken as the reference viscosity. Secondly, there is no 
influence of power law index on the fraction of the sphere's surface that sees iimax as shown 
from figure 5.14a.
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5.4.4 The streamline plots
Streamlines contours are portrayed in figure 5.15 a-e. This figure reveals that irrespective 
of the shear thinning parameters at low particle Reynolds number the steady flow past a 
sphere has fore-and-aft symmetry. Asymmetry progressively develops as Reynolds number 
increases. From this figure and particularly parts a, c, and e it can be observed that shear 
thinning parameters (n and H) appear to have very small influence on the streamlines 
patterns and the wake structure. This in-line with the general conclusion reached by some 
investigators in the past, Chhabra (1993).
RCp = 0,1
Figure 5.15a: Streamlines o f the 
Newtonian fluid (unbounded)
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6. THE FLOW PAST BOUNDED SPHERES
6.1 Introduction
In this Chapter, the results are presented for the flow of Newtonian and shear thinning 
fluids around a sphere located along the axis of a cylindrical tube. Both uniform straight 
and tapered tubes are considered. For the uniform tube case, the sphere is either settling in 
a tube (the settling sphere problem, § 6.2) or suspended in a tube by an upflowing liquid 
(the stationary sphere problem, § 6.3). Whereas in a tapered tube, for the reason mentioned 
in § 3.5.3, only the stationary sphere case is considered (§ 6.4).
The geometries addressed in this study may be summarised as follows:
® for uniform tube: sphere to tube radius ratios of a/R = 0.02, 0.05, 0.1, 0.2, 0.25, 0.5 and
0.6.
Q for tapered tube: contraction ratio of RpR] = 10:1, size ratio with respect to the 
downstream radius of the tapered tube of a!R2 = 0.2, tlnee half angle values of © = 10°, 
20°, and 30°, and finally for normalised separation distances of X ~  0, 0.25, 0.5, 0.75, 
0.85. 0.95, 1.0, and 1.25 (see § 3.7.3 for the definitions of these parameters).
Other conditions covered in this study are power law index range 0.2 < /? < 1.0, and 
dimensionless shear rates 0 < < 2.0 and particle Reynolds number from 0.01 (creeping
conditions) to 100. It may be worth mentioning again here that for the case of a stationary 
sphere, particle Reynolds number is defined in terms of the maximum centreline velocity. 
The goal of the calculations reported herein is to analyse the effect of combined inertia, 
non-Newtonian behaviour parameters and the wall retardation on the drag force imposed 
on the sphere. It may be wise to add that, for the reason mentioned in § 3.5.2, the results of 
a stationary sphere in shear thinning fluids in a uniform or a tapered tubes are presented 
only when power law conditions hold, that is for 77- 0.
To check the accuracy of the drag solutions, some comparisons have been carried out 
between the cuiTent results and the reported drag values in the literature whenever possible.
134
Chapter (V The llow past bounded «^plicres
6.2 A single falling sphere inside a uniform tube
6.2.1 Newtonian fluids
6.2.1.1 Creeping flow regime
There are no closed form expressions for the drag force on a sphere falling through a 
cylindrical tube filled with Newtonian fluids. The most well known approximate 
expressions are those mentioned in the literature review (chapter 2) by Haberman and 
Sayre (1958) and Bohlin (1960). Both expressions are rigorously valid only for size ratios 
a/R < 0.6. Haberman and Sayre obtained an 'exact' solution in terms of an infinite set of 
linear algebraic equations for the coefficient in the Stokes stream function, which is also an 
approximate value because it was determined numerically.
Figure 6.1 shows comparison of the current numerical results of the drag correction factor 
with the predictions of the approximate expressions where excellent agreement was 
obtained. The maximum deviation is in the order of 0.8 % from the predictions of both 
analytical expressions and < 3% from those obtained by Francis (1933) empirical equation. 
The differences between the empirical and our numerical results may be attributed to the 
end effects on the experimental side.
 Haberman and Sayre
 Bohlin
▲ Francis 
♦ Present results
10 -
uS
ao
0.70.5 0.60.40.30.20.10
Size ratio {a/R )
Figure 6.1: Wall correction factor (K%) for a settling sphere in creeping flow o f a 
Newtonian fluid versus a/R.
135
CliapWr 6: Tiie flow past Wiinded spheres
Furthermore, the size ratio a/R = 0.5 is normally selected as a benchmark problem to test 
the accuracy of any numerical solution. The values for the Newtonian wall correction 
factor at tliis size ratio obtained by several independent techniques, together with our result 
are listed in table 6.1. The computational results agree very well with the other results in 
literature (within < 1%). Note that the results of Luo and Tanner (1986) and Haberman 
and Sayre (1958) are quoted to three decimal places. Further Sigli and Coutanceau (1977) 
reported an experimental result, 5,9497, which compares well with the present numerical 
predictions.
Table 6.1: The predicted wall correction factor for a/R = 0.5.
Literature Technique Kx
Haberman and Sayre (1958) Approximate theory 5.87
Flaberman and Sayre (1958) Exact theory 5.97
Luo and Tanner (1986) FEM 5.77
Harlen (1990) Boundary integral 5.9467
Zheng el al. ( 1990) BEM 5.9466
Sigli and Coutanceau, see Zheng et al (1990). Experiments 5.9497
Bowen and Sharif (1994) FEM 5.976
Missiiiis et al (2001) FVM 5.9471
Present results FVM (FLUENT 5) 5.9414
6.2.1.2 Higher Reynolds number flow regime
The simplest and the easiest expression, with which our results can be compared, is that 
semi-empirical of Fay on and Happel (1960) stated in Chapter 2. The other available 
expressions are for particle Reynolds number greater than 100. In figure 6.2 the numerical 
results of drag calculations are plotted along with the predictions of the correlation of 
Fayon and Happel (1960) for 0.1 < RCp <100 and two size ratios, a/R = 0.1 and 0.5. The 
agreement is regarded to be quite good throughout the range. Figure 6.2 shows that the 
wall correction factor in a very narrow tube {a/R = 0.5), in which the effects of the wall is 
more influential, changes little with particle Reynolds number. However, the wall factor in 
tubes of moderate radii {a/R = 0.1) changes rapidly from low to moderate values over the 
considered Reynolds number range.
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Figure 6.2: Wall correction factor (Kt)  fo r  a falling sphere in Newtonian fluids as a 
function c/Rep.
6.2.2 Shear thinning fluids
6.2.2.1 Creeping flow regime
Numerical calculations have also been performed for different size ratios to investigate the 
combined influence of the shear thinning fluid behaviour and the wall effects on the drag. 
Parts a and b of Figure 6.3 illustrate the variation of the wall correction factor for a settling 
sphere (Æi) over the size ratios for selected values of power law index and two values of 
dimensionless shear rate, H  - 0  and H = \, respectively. For the sake of comparison, the 
Newtonian curve and the unbounded values (represented by size ratio of zero) are also 
included. A careful inspection of the figures clearly shows that with respect to the shear 
thinning parameters (« and H), there are two ranges of size ratio, namely, a!R <0.1 and a/R 
> 0.2. For the wider tubes a/R < 0.1, in which the wall effects are believed to be small, the 
trend of the wall correction factor appears to behave qualitatively similar to that observed 
for the drag correction factor for the unbounded sphere. Figure 5.2. That is the wall factor 
increases or decreases with decreasing n depending on the value of the dimensionless shear 
rate H. However, for narrower tubes, the wall correction factor decreases as n decreases 
regardless the value of dimensionless shear rate H. The size ratio, at which this turn in the 
trend appears, seems to lie between a/R = 0.1 and a/R = 0.2.
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Figure 6.3a: Wall correction factor for a settling sphere as a function o f a/R for selected 
power law indices at creeping flow conditions. Here H  ~0.
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Figure 6.3b: Wall correction factor for a settling sphere as a function o f a/R for selected 
power law indices at creeping flow conditions. Here H = 1.
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In addition figures 6.3 a and b show that, regardless of the size ratio alR, the wall 
correction factor for a settling sphere in a tube filled with a shear thinning fluid of power 
law index n and at specific value of H  is higher than that for the same sphere settling in an 
unbounded shear thinning fluid of the same rheological characteristics. This means that the 
terminal settling velocity for a falling sphere in a tube filled with a shear thinning fluid is 
expected to be less than that for the same sphere settling in unbounded domain of the same 
fluid.
Moreover, calculations have been conducted for all size ratios for range of dimensionless 
shear rate / /o f  0 to 2. The variation of the wall correction factor with changing H  over the 
size ratio range and power law index value of « = 0.5 is charted in figure 6.4. The figure 
illustrates that as the gap through which the fluid passes between the sphere and the tube is 
decreased from 50a (alR = 0.02) to 1.667a {aJR = 0.6), the wall correction factor shown to 
be less influenced by the dimensionless shear rate. The dependence on H  found to die out 
completely at about size ratio of 0.6.
uBVas0
1s
4
2
H = 0.5 
H= 1.0 
H=1.5 
H = 2.0
1
0
0.70.5 0.60.3 0.40.20.10
Size ratio (a//? )
Figure 6.4: Wall correction factor for a settling sphere versus a/R for selected values o f 
dimensionless shear rate H. Here power law index n = 0.5.
Figures 6.3 and 6.4, make plain that the more the fluid behaviour is Newtonian the higher 
the rate of increase in the drag on a settling sphere as the size ratio increases. By contrast, 
as a 0 and/or 0, the drag does not change much with size ratio. This is consistent
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with the conclusion reached by the experimental findings that the wall effects are seen to 
be smaller in the shear thinning fluids than those in the Newtonian ones, Chhabra (1993).
Furthermore, as mentioned earlier in Chapter 2, Missirlis et a l (2001) have recently 
studied numerically the creeping flow of spheres in bounded power law fluids over wide 
range of n using two numerical methods, namely, finite volume method (FVM) and finite 
element method (FEM). It may be appropriate to compare the present numerical results at 
the power law limit with their results. Figure 6.5 shows typical comparison between the 
current predictions and those of Missirlis et a l (2001) for three size ratios, namely a/R = 
0.05, 0.25 and 0.5. The symbols represent computational results from this work, while the 
solid lines represent the finite volume results of Missirlis et a l (2001). The agreement 
between the two numerical studies is regarded to be satisfactory and acceptable.
8
a/R = 0.05, Present work 
a/R = 0.25, Present work 
a/R = 0.5, Present work 
a/R = 0.05, Missirlis et al. (2001) 
a/R = 0.25, Missirlis et al. (2001) 
a/R = 0.5, Missirlis et al. (2001)
0.0 0.2 0.4 0.6
Power law index ( n )
0.8 1.0
Figure 6.5: Comparison o f the present work predictions o f the wall correction factor 
and those o f Missirlis et a l (2001) at power law conditions.
The significant difference in the shape of the three sets of drag ratio curves presented in 
figure 6.5 may be explained by the two facts mentioned above. That is first the presence of 
the wall results in an increase in the drag as the size ratio increases regardless of whether 
the fluid is Newtonian or shear thinning fluid. And second the wall effects become less and 
less significant as the degree of pseudo-plasticity (shear thinning) increases. The 
appearance of the intersection in Figure 6.3a may also be interpreted by adding to these
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facts the fact that at 0 the drag increases as n decreases as caused by the shear thinning 
effects that play the dominate role at low size ratios (a/R <0.1)
6.2.2.2 Comparison with the experimental data
The truncated power law model has the minimum shear rate, ymin, as one of its parameters. 
Direct measurement of ymin is preferable when checking the validity of any numerical 
predications. Although a considerable amount of experimental work on the motion of 
spheres in shear thinning fluids has been reported, the values of minimum shear rate were 
not explicitly provided in any of these publications. This lack of information indeed 
precludes the possibility of detailed comparison with the numerical results reported herein. 
On the other hand, numerous investigators have studied experimentally the creeping 
motion of spheres in power law fluids, and thus it is worthwhile to compare our numerical 
results with the experimental findings measured at small values of H.
As mentioned in Chapter 2. one of the reliable studies is that of Chhabra and Uhiherr 
(1980b) who reported extensive experimental results on wall effects on the drag force 
acting on a sphere moving in a range of power law fluids. In their study, the authors 
proposed equation 2.37, which can be rewritten here as:
i  = y"= [l-l,6 (a //? )]"  (2.37)
It should be emphasised that Chhabra (1993) stated that the above equation is not for all 
generalised Newtonian fluids except shear thimiing fluids that can be described by the 
power law model. It is of interest here to assess the agreement between the predictions of 
this equation with our numerical results. Plotting the computed values, the left hand side 
of the equation 2.37, versus the predictions, the right hand side of the same equation for 
any value of power law index within the range of its applicability should result in a straight 
line with a slope close to one. Figure 6.6 compares the present numerical results at power 
law conditions (TAG) with the empirical correlation of Cliliabra and Uhiherr. Note that the 
data at the bottom of Figure 6.6 correspond to the highest size ratio of a/R = 0.5 whereas at 
the top they correspond to the smallest size ratio of a/R = 0.02. The doted lines on either 
sides of the diagonal represent ± 5%. The current numerical results found to lie between 
the dotted lines. It is appropriate to say here that Cliliabra and Uhiherr (1980b) obtained the 
above empirical correlations with 95% confidence level. In view of this, the
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Figure 6.6: Comparison between the computed drag values and the predictions o f the 
experimental correlation (equation 2.37) o f Chhabra and Uhiherr (1980b) at power law 
conditions (H ~ 0) for selected values o f power law index.
correspondence is seen to be satisfactory.
In addition, it may be interesting to see whether or not the above empirical can correlate 
the drag values at different H  values. Figures 6.7 and 6.8 show typical comparisons 
between the computed drag ratio values and the predicted values using equation 2.36 for 
dimensionless shear rate values o ï H  = 0.1 and 1.0 respectively. In both figures the 
bounded factors {K\ values) used to obtain the computed values are obtained at n and H  
values as those shown in the legend and the caption of each figure. Whereas the unbounded 
values used are those at the same n but with /7~  0 (that is those listed in table 5.2).
At = 0.1, the computational values seem to deviate from the predictions of the empirical 
especially for lower values of power law index and/or lower size ratio. As H  increases to 
value of one, the deviations become serious in an order more than 25% for most of the data 
points. From these comparisons, it may be safe to conclude that equation 2.37 was found to 
hold only at power law conditions. That is when the settling sphere is believed to 
experience a local shear rate (given by the ratio of its terminal velocity by its radius) much 
less than the minimum shear rate of the fluid. These conditions should be satisfied for both
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Figure 6.7: Typical comparison between the numerically computed drag values at H 
0.1 with the predictions o f equation 2.37for selected values ofpower law index.
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Figure 6.8: Typical comparison between the numerically computed drag values at H 
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6.2.2.3 Higher Reynolds mimher regime
As tor the Newtonian case, the effect of inertia on the flow of shear thinning fluids past a 
sphere has been examined for two sizes, a/R = 0.1 and 0.5. These geometries were chosen 
intentionally because they exhibit two different trends in creeping flow regime. For each 
value of particle Reynolds number Rep, the calculations were performed for the same 
values of shear thinning parameters. In this case, the drag behaviour is more difficult to 
explain because of the interplay of the wall effects, Rcp effects and shear thinning 
parameters n and H.
First the sphere is placed in the wider tube (a/R = 0.1). Figures 6.9a and 6.9b depict the 
variations with Reynolds number of the wall correction factor for two dimensionless shear 
rates. /T ~ 0 and H = 1.0, respectively. For comparison, the values of the drag correction 
factor at 77 = 1 is also included in both figures. The figures clearly show that the wall 
correction factor varies with Reynolds number in a manner similar to that for the 
unbounded case. For power law conditions (H ~ 0), the wall factor curve for each power 
law index seems to pass through a single point. It is interesting to notice that this point is 
the same as that for the unbounded case, that is near Rep = 4. For values below this point, 
the wall correction factor is higher than the corresponding Newtonian value whereas 
beyond it the trend reverses. Figure 6.10 shows the variation of the wall correction factor 
with Reynolds number and dimensionless shear rate. The wall factor increases with Rep for 
all values of H. At a given Reynolds number, as H  decreases the wall factor decreases. 
However, it becomes more sensitive to change in Rep. The value of the wall correction 
factor seems to converge to a constant value independent of Ff for Rep exceeding 100. This 
value depends on n and corresponds approximately to the value of wall factor at power law 
conditions (H~  0). For n = 0.5, as shown in figure 6.10, at Re p = 100 the mean value of the 
wall correction factor for all //values is ~ 2.94 with standard deviation Of ± 0.12.
Moreover, figure 6.11 shows the computed values of the wall factor as a function of RCp 
for the narrower tube (a/R = 0.5). At this large size ratio, the effect of shear thinning is to 
reduce the wall factor on the sphere with decreasing power law index n. The differences 
between the wall correction factor for different values of n seem to be the same over the 
particle Reynolds number range. The results at / /=  1 are also shown in the same figure.
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Figure 6.9a: Variation o f the wall correction factor (K\) with Reynolds number for  
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Figure 6.9b: Variation o f the wall correction factor (Kx) with Reynolds number for  
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Having observed previously the influence of inertia and wall effects separately in 
suppressing the effects of the dimensionless shear rate H, it is perhaps not surprising to see 
that H  has no influence on the drag at higher Reynolds number and through such a narrow 
tube. The results in figure 6.11 also suggest that, irrespective of the value of n, the 
influence of inertia does not appear up to Rep > 10. In comparison with those at size ratio 
a/R = 0.1, these results accord with earlier ones reported on the role played by the wall in 
suppressing any effects associated with finite inertia. Wham et al. (1996), the shear 
thinning rheology, or from both of them combined, Lali et al. (1989).
6.2.3 Flow fields
6.2.3.1 Pressure andfriction drag contributions
Understanding the pressure and friction contributions will undoubtedly provide useful 
information in determining the combined effects of shear thinning, inertia, and wall 
proximity on the total drag exerted on a bounded sphere. Figures 6.12 - 6.14 depict the 
variations of the pressure correction factor (ATip ) ,  parts a, and the viscous correction factor 
{ K w ) ,  parts b, as functions of size ratio at creeping flow conditions (RCp = 0.01). The 
correction factors are defined as the ratios of the force contribution by the corresponding 
Newtonian Stokes unbounded value. The viscous and the pressure correction factors are 
the calculated pressure and the viscous forces at a given size ratio normalised by equations 
3.20 and 3.21, respectively.
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0.1 0.2 0.3 0.4 0.5 0.6 0.70
8
 n= 1 n = 0.8
 n = 0.5
 n = 0.46
4
2
0
0.1 0.2 0.3 0.4 0.5 0.6 0.70
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Figure 6.12: Variation o f (a) the pressure correction factor (K\y>) and (b) the viscous 
correction factor (K\\) with size ratio for selected values ofpower law index n. Here H 
0 and Re p = 0.01 (creeping flow).
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Figure 6.13: Variation o f (a) the pressure correction factor (K\v) and (b) the viscous 
correction factor (K\\) with size ratio for selected values ofpower law index n. Here H  
= 1 and Re p = 0.01 (creeping flow).
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Figure 6.14: Variation o f (a) the pressure correction factor (Kir) and (b) the viscous 
correction factor (K\\) with size ratio for selected values o f dimensionless shear rate H. 
Here n ^  0.5 and Re'p = 0.01 (creeping flow).
Figures 6.12 and 6.13 plotted the values of the pressure and friction factors for selected 
values of n and two values of dimensionless shear rate, H  ~ 0 and / /  = 1, respectively 
together with the Newtonian values. The values K\r and Kw  for selected values of H  and 
power law index n = 0.5 are shown in figure 6.14. The observations that can be seen from 
these figures may be summarised as follows:
• the values of these factors at small size ratios (a/R < 0.1) and their variations with n and 
H  are similar to those for unbounded case, except that they are slightly higher. This 
explains why the overall drag tends to behave in a manner similar to the unbounded
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case.
® both contributions (or factors) increases with size ratio. However, over the range of the 
size ratio, the amount of increase in the pressure force is higher than that in the viscous 
force.
® The rates of change of both factors with size ratio increase as n increases and/or H  
decreases. That is the more the fluid behaves as Newtonian the more rapid the change 
with size ratio in the pressure and viscous forces acting on the sphere. The slopes Æip 
and K\\r curves at n = 0.4 are very close to zero. On the other hand, the values of the 
two factors are insensitive to change in dimensionless shear rate at large values of size 
ratio a/R > 0.5. The values of both factors at different H  seems to converge to a 
constant value, which is the value calculated at power law conditions (H ~ 0) for a 
particular power law index n.
Next, the influence of finite inertia on the contributions of the pressure and viscous forces 
are presented in terms of the drag ratios. Figures 6.15 and 6.16 depict the variations with 
Reynolds number of the pressure and viscous correction factors scaled by the total 
correction factor for a/R = 0.1 and a/R = 0.5, respectively. It is illustrated from the former 
figure that the drag ratios on the sphere in the wider tube (a/R = 0.1) are identical to those 
tor that in an infinite extent of a fluid with the same rheological characteristics. The 
pressure drag ratio increases with increasing Reynolds number. The gaps between the 
ratios at different n values seem to hold over the particle Reynolds number range. For the 
narrow tube (a/R = 0.5), Figure 6.16a shows the pressure and viscous drag ratio variation 
with the power law index is the same as that observed for the wider tube, but with 
considerably higher numerical values. However, for this large size ratio, as shown in 
Figure 6.16b, the dimensionless shear rate does not have a substantial influence on 
modifying the drag ratios at least for the Reynolds number range investigated.
The interplay between the inertia, shear* thimiing parameters and large wall effects makes 
the interpretation of the results a complicated task. However, the role of the wall at such 
larger size ratio may be explained as follows. At a/R = 0.5, the wall retardation is 
dominating the resistance to the sphere's motion. This retardation is strongly influenced by 
the relative velocity of the fluid in the gap between the sphere and the tube. At a specific 
particle Reynolds number, different power law index means different relative velocity. 
Therefore, the drag ratios are expected to vary with n values. However, same relative
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Figure 6.15: Drag ratio variations with Re p and (a) selected power law indices and H  
0 (b) selected values o f the dimensionless shear rate and n = 0.5. Here a/R == 0.1.
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velocity is used for different dimensionless shear rate, hence same level of retardation and 
same drag ratios. No more satisfactory explanation than these for the observed results can 
be given at present.
6.2.3.2 Localfields
Further insights into the flow field can be gained by examining the detailed kinematics of 
the local pressure and stress fields. In all plots shown in this section some oscillations and 
minor irregularities appear near the far front and rear regions of the sphere. These may be 
attributed primarily to one of three possible numerical reasons (i) the upstream and 
downstream lengths are not sufficient (ii) the discretisation QUICK scheme, and (iii) the 
skewness of the grid cells in those regions (the quality of the cells). In figure 6.17 below, 
the changes in the surface wall shear stress and the pressure as functions of polar angle are 
shown for a sphere in a tube with a!R = 0.1 and in a Newtonian fluid at three particle 
Reynolds number. The solid lines were obtained using upstream length equal to 
downstream of ten times the radius of the sphere (10a). The dotted lines are for both 
lengths equal to fifty times the radius (50a). Clearly, the discrepancy between the two is 
negligibly small, hence the lengths of upstream and downstream cannot be considered to 
be the main reason.
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 Re — 100
8
6
4
2
0
0 20 40 60 80 100 120 140 160 180
 Re = 1
 Re = 10
 Re = 100
30 -
20 -
-10
0 20 40 60 80 100 120 140 160 180a a
Figure 6.17: The wall shear stress x^^and  the pressure ps, on the surface o f the sphere
inside a tube (a/R = 0.1) using upstream and downstream lengths = 10 a ( ---- )  and
lengths = 50a ( ......  ).
Similarly, It is considered unlikely that the appearance of the oscillations is brought about 
by the scheme of the discretisation especially if one brings in mind that the same scheme 
was used for the unbounded and bounded tapered tube cases. In both situations the changes 
in the local fields of the same variables are obtained and no such irregularities are observed
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(please refer to previous chapter as well as section 6.4). One is therefore compelled to 
question the quality of the cells in these regions. As previously mentioned in Chapter 4, the 
quality of the cells was checked to be within the acceptable level (that is Equi-angle 
skewness < 0.75 - see also Appendix C). However, the cells with such a level of quality 
seem to be inappropriate enough to capture the flow details particularly in the vicinity of 
the sphere and another way for mesh generation around the sphere must be sought. 
Probably, if the mesh for this case was generated in similar way to that of unbounded 
sphere (or sphere in a tapered tube) these noses would be eliminated.
Moreover, let us now consider the results again. Figures 6.18 to 6.20 compare the changes 
of the wall shear stress and pressure on the surface of the sphere for Newtonian fluid, sheai' 
thinning fluid (77 ~ 0 and n = 0.4), shear thinning fluid (H= I and n = 0.4) over selected 
size ratios. In each panel of the figures the wall shear stress is plotted to the right and the 
static pressure to the lift. Clearly, in the absence of inertial effects whatever the value of 
size ratio, both the local wall shear stress and the local static pressure vary smoothly over 
the surface of the sphere. Other observations from these figures may be summarised as 
follows:
« the variation of the wall shear stress increases as the size ratio increases, and has a 
maximum for all size ratios at the expected angle of a  = 90° iiTespective of whether the 
fluid is Newtonian or shear thinning as can be seen by looking to the figures from top 
to bottom. The amount of increase (that is the differences between the values of twaii for 
two successive size ratios) increases as the fluid behaves in more Newtonian fashion. 
Thus, the differences in the wall shear stress for shear thinning fluids with H  = I 
(Figure 6.20) are higher than the corresponding differences for shear thinning fluids 
with 0 (Figure 6.19) especially at low size ratios. And the changes in both shear 
thinning cases are lower than those for Newtonian fluids (Figure 6.18). However, 
careful reading of the figures reveals that at low size ratios (a/R < 0.1), the local 
numerical values of shear stress for shear thinning fluids are higher than the 
corresponding ones for Newtonian fluids at power law conditions ~ 0, but become 
lower than the Newtonian when H  ~ I. At large size ratios, namely a/R > 0,4, the 
Newtonian fluids impose more wall shear stress than the shear thinning fluids 
regardless of the value of H.
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Figure 6.18: The wall shear stress Xy^^and the pressure ps on the surface o f the sphere 
for selected size ratios at creeping conditions (Newtonian)
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Figure 6.19: The wall shear stress Xyy^atid the pressure p» on the surface o f the sphere 
for selected size ratios at creeping conditions (Shear thinning, H -  0, n ^  0.4)
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Figure 6.20: The wall shear stress Xy,:^and the pressure p, on the surface o f the sphere 
for selected size ratios at creeping conditions (Shear thinning, H  1, n = 0.4)
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® the variations of local surface pressure are shown on the left hand side of the figures.
As the size ratio increases, the numerical value of the static pressure at the front 
stagnation point increases, and that at the rear stagnation point decreases. This leads to 
the total amount of pressure drop across the sphere achieving higher values for the 
larger size ratio. For the Newtonian fluid the gaps between the curves are larger than 
those gaps for shear thinning fluids. Adding this with the observation in the previous 
point that the amount of increase in wall stress increases as the fluid behaves more 
Newtonian may explain the reason why the wall effects are more significant in 
Newtonian fluids compared to those in shear thimiing inelastic fluids
Furthermore Figures 6.21a to 6.24f shows the typical variations of the local wall shear 
stress and the local static pressure on the surface of the sphere for a range of combination 
of /7. H and Re'p. The first two groups of figures are for the wider tube, size ratio aJR -  0.1 
(Figures 6.21a to 6.22f), and the latter ones are for the narrow tube a/R = 0.5 (Figures 
6.23a to 6.24f). When comparing these figures with those for the unbounded case in the 
previous chapter, it is observed that for the wider tube the trends of the variations of 
pressure and wall stress are similar to the unbounded ones. For the narrow tubes, however, 
there are some distinctions. A detailed examination of the results presented here and in 
Chapter 5 was conducted and the main findings can be sunnnarised as follows:
• For different particle Reynolds number (Newtonian), the local values of Xwaii at size 
ratio a!R = 0.1 are almost the same as those of the unbounded, but for a given Rep they 
are higher at aJR -  0.5. However, for a given a, the differences between the local 
values at different Rcp at a!R = 0.5 are smaller in comparison to the corresponding at 
a/R = 0.1 (or those for the unbounded). This can be clearly observed between Rep = 1 
and Rcp = 10 curves (see part a of Figures 6.21 and 6.22). This may explain why inertia 
starts to act at a higher Rep for the narrow tube. In other words, the holding of creeping 
flow assumption over larger range of Rep may be attributed to this behaviour. One 
more observation that the maximum shear stress value seems to appear at same angles 
as those for the unbounded for a!R = 0.1, but lag behind for a!R = 0.5.
« For different Rep (Newtonian), the results suggest that the trends of the static pressure
For the unbounded case and the two bounded cases are identical. However, as observed
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Figure 6.21: 77?e wall shear stress x^au on the surface o f the sphere for: (a) Newtonian 
fluid over a range o f particle Reynolds numbers (a/R = 0.1) (b) selected values o f n (a/R = 
0.1, RC p ^  0.1, H ~  0); (c) selected values o f n (a R = 0.1, Rc p = 0.1, H = 1); (d) selected 
values o f H (a R = 0.1, Rc p = 0.1, n = 0.5); (e) selected values o f n (a R = 0.1, Re’p = 
100, H ~ 0); (f) selected values o f H (a R = 0.7, Re p = 100, n = 0.5).
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Figure 6.22; The pressure ps on the surface o f the sphere for (a) Newtonian fluid over a 
range o f particle Reynolds numbers (a/R = 0.1) (b) selected values o f n (a/R = ft 7, Re p = 
0.1, H ~ 0); (c)^  selected values o f n (a/R = ft 7, Re p = ft 7, / /  = 1); (d) selected values o fH  
(a R = ft 7, Re'p = 0.1, n ^  0.5); (e) selected values o fn  (aR = 0.1, Re'p = 100, H ~0); (f) 
selected values o f H (aR  = ft 1, Re p = 100, n = 0.5).
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Figure 6.23: The wall shear stress Twau on the surface o f the sphere for: (a) Newtonian 
fluid over a range o f particle Reynolds numbers (a/R = 0.5) (b) selected values o f n (a/R = 
0.5, Rcp = 0.1, H ~ 0); (c) selected values o fn  (a'^ R = 0.5, Rcp = 0.1, H  = 1); (d) selected 
values o f H (a R = 0.5, Re'p = 0.1, n = 0.5); (e) selected values o f n (aR  = 0.5, Re'p = 
100, ~ 0); (f) selected values o f H (a R = 0.5, Re p = 100, n -  0.5).
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Figure 6.24: The pressure ps on the surface o f the sphere for: (a) Newtonian fluid over a 
range o f particle Reynolds numbers (a^R = 0.5) (b) selected values o fn  (a/R = 0.5, Re p = 
0.1, H ~ 0); (c) selected values o fn  (a/R = 0 .5 ,R tp = 0.1, H = 1); (d) selected values o f H  
(a/R = 0.5, Re'p = 0.1, n -  0.5); (e) selected values o f n (a/R = 0.5, Re p = 100, H  ~ 0); (f) 
selected values o f H (aR ^  0.5, Rep = 100, n = 0.5).
159
Chapter 6: The How past bounded spheres
previously from Figure 6.18 for the creeping conditions, at a particular Re,, and a  a 
local value of the static pressure is larger the larger is the size ratio. It seems that the 
drag magnification can be mostly attributed to tire pressure, 
o At the creeping conditions the trends of the local friction and static pressure with shear 
thinning parameters {n and H) for the wider tube {aJR = 0.1) are in contrast to those for 
the narrow tube {a!R = 0.5). For example, for a given a  the local wall stress is lowest 
when power law index /7 = 1 and increases witli decreasing n. for a!R = 0.1 (similar to 
the unbounded case). But it is the highest when n= \ and decreases with decreasing n 
for alR = 0.5 (see parts b of Figures 6.21 and 6.22). The local values of the pressure 
and stress varies with H when the gap between the tube and the sphere is 10a, but they 
are independent of//w hen the gap reduces to 2a (See parts d of Figures 6.21 - 6.24).
6.3.3.3 Streamlines plots
The streamlines are plotted to acquire more understanding into how the flow field around a 
sphere in a tube develops as Reynolds number increases. As the unbounded case, the 
formation and structure of the wake were found to be independent of power law index as 
well as the dimensionless shear rate, so only the Newtonian results are shown. Figures 
6.25a to 6.26c show the t}^pical streamlines for the two considered size ratios, namely a!R 
= 0.1 and a!R = 0.5 and tliree values of Reynolds number in order to emphasis the 
differences between the tubes of large and small radii. In the creeping flow regime, no 
wake formation can be observed (see parts a of both figures). Outside the creeping regime. 
At a fixed value of a!R, increasing Reynolds number causes the walce to grow, as can be 
seen by looking from part a to part c in either figure. At a fixed Rep, increasing the radius 
of the tube relative to that of the sphere causes the wake to grow (compares parts b and c of 
both figures). This agrees with the observation made by Wham et al (1996) that the 
presence of the tube suppresses the growth of the wake.
All in all, careful examination of the streamline plots may be required in order to get 
knowledge on certain parameters, for instant, the wake angle, the wake length and many 
others. Finding the dependence of such parameters are interesting, however, is outside the 
scope of the present study.
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Figure 6.25: Streamlines plots for a flow o f Newtonian fluid past a sphere at different 
particle Reynolds number. Here a  R = 0.1.
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Figure 6.26: Streamlines plots for a flow o f Newtonian fluid past a sphere at different 
particle Reynolds number. Here a  R = 0.5.
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6.3 A single stationary sphere inside a uniform tube
6.3.1 Newtonian fluids
6.3.1.1 Creeping flow regime
Figure 6.27 compares the value of the wall correction factor for a stationary sphere in 
creeping flow of Newtonian fluid computed numerically by FLUENT 5 to the analytical 
solutions of Haberman and Sayre (1958) and Bohlin (1960), equations 2.38 and 2.39. The 
computed results agree well with Haberman and Sayre predictions. However, they deviate 
slightly when compared with Bohlin's especially at a!R > 0.5. This deviation may be 
attributed to not retaining enough terms in Bohlin's solution. Moreover, the acceptable 
agreement between the computational results and the predictions of both analytical 
expressions over such wide range of size ratio is a testament to the reliability of the 
computational drag procedure reported in this work. This is particularly important when 
the same procedure is being applied to the case of tapered tube in the following section
10
 Haberman & Sayre
 Bohlin
♦ Numerical solution8
6
4
2
0
0.70.5 0.60.40.30.20.10
Size ratio {a IR )
Figure 6.27: Wall correction factor (Kj) for a stationary sphere in creeping flow o f a 
Newtonian fluid versus a/R.
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6.3.1.2 Higher Reynolds number flow regime
The variations of the wall correction factor with particle Reynolds number over the range 
0.1 < Rep < 100 together with the predictions from Fayon and Happel (1960) are charted in 
figure 6.28. As in the case of the settling sphere, the comparison is shown for two size 
ratios ?JR = 0.1 and a!R = 0.5. The match can be observed satisfactory for wider tube, but 
with significant deviations for the narrower tube. In both cases of settling and stationary 
spheres, this lack of perfect agreement for large size ratios between our results and those of 
Fayon and Happel can be due to the fact that Fayon and Happel solution is based on the 
method of reflections, which works well when the sphere and tube walls are far apart, 
Happel and Bernner (1965).
As expected and similar to the case of a settling sphere, for a!R = 0.1 the wall correction 
factor is affected by the inertia at smaller values of Rep than for a!R = 0.5. This finding is 
consistent with the results reached by Wham el al. (1996) who concluded that the narrower 
the tube (the larger the size ratio), the larger the range of Rep over which the creeping flow 
assumption holds.
100
♦ Numerical results (a/R=0.1 )
—  F ayon and Happel (a/R=0.1 )
•  Numerical results (a/R=0.5)
—  Fayon and Happel (a/R=0.5)
10
1
0
10001001010.10.01 Reynolds number (Rep)
Figure 6.28: Wall correction factor (Kz) for a stationary sphere in Newtonian fluids as a 
function o/Rep.
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6.3.2 Shear thinning fluids
6.3.2.1 Creeping flow regime
The computational results of the wall correction factor Ki versus size ratio a!R for selected 
values of power law index n are shown in figure 6.29. It is interesting to note that the 
curves for all power law indices, and as for the case of the settling sphere, pass through a 
single point. Above this point, the wall correction factor increases as n decreases, whilst 
below this point the wall factor increases with increasing n. When compared with the 
settling sphere case, this point appears to be again between a!R = 0.1 and a!R = 0.2, but 
shifted slightly towards a!R ~ 0.2. The standard deviation at different n values at size ratio 
a!R = 0.2 is calculated to be ±0.03. The reason why this intersection occurs in the 
behaviour is may be interpreted in a same way as for the settling sphere, § 6.2.2.1.
10
I
Is0 
*-£3
1oV
«
6
0.1 0.2 0.3 0.4
Size ratio (a !R )
0.5 0.6 0.7
Figure 6.29: Wall correction factor for (K^ a stationary sphere as a function o f a/R for  
selected power law indices at creeping flow conditions.
6.2.3.2 Higher Reynolds number regime
Figures 6.30 and 6.31 show the variation of the computed drag for with Reynolds number 
for stationary spheres in tubes of different radii, size ratio a/R = 0.1 and a!R = 0.5 
respectively. The results seem to suggest that the drag on a stationary sphere in the wider 
tube is more sensitive to finite inertia than those in the narrow tube. In other words, as the
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Figure 6.30: Variation o f the wall correction factor (Ki) with Reynolds number for  
several values o f n. Here a^R = 0.1
7
6
5
4
3
2
n = 0.81
0
1001010.1
(Q
Reynolds number (Re p)
Figure 6.31: Variation o f the wall correction factor (Ki) with Reynolds tmmber for  
several values o f n. Here a/R = 0.5
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case of the settling sphere the larger the size ratio a!R, the higher is the value of Re’p up to 
which the creeping flow approximation is justified. Thus, for instant, for alR -  0.5, the 
creeping flow assumption was found to be satisfactory up to about Re'p =10.
In addition, the figures above also demonstrate that the role played by inertia and shear 
thinning parameters (in this case power law index, n) is same as that for the drag on the 
settling sphere. The inertia causes the drag to increase in both tubes. For a!R = 0.1, in 
which the wall effects are small, there is a crossover point. Below this point the drag 
increases with the increasing extent of shear thinning behaviour (as n decreases), whilst 
above it, the increase in this non-linear behaviour reduces the drag. This point seems to be 
at particle Reynolds number slightly higher than the corresponding for the settling sphere. 
For alR = 0.5, however, it is clearly seen from Figure 6.31 that the value of the wall 
correction factor (/G) decreases with decreasing n over the entire range of Rep.
Moreover, it might be useful to compare the drag on a settling sphere to that on a stationary 
sphere. This will be better presented by fi’actional difference between the two wall factors 
{K\ and Ki). defined as:
Fractional difference = 1 -  (6,1)
Note that both factors are at the same conditions, that is at the same size ratio, same Rep 
and same n. Figure 6.32 shows, at creeping flow regime (Re'p = 0,01), how the fractional 
difference varies with size ratio for several values of power law index n. The fractional 
difference increases as the tube radius relative to that of the sphere decreases and/or the 
power lax index increases. Thus, for instant, in very narrow tube {a!R = 0.6), the value of 
the fractional differences shows almost a seven-fold variation as the value of n drops from 
unity to 0.4 whereas the corresponding variation in less than 50% in the very wider tube 
{oiR = 0.02). This is may be attributed to the fact that as the tube size increases then the 
parabolic velocity profile downstream of a stationary sphere becomes more similar to the 
plug flow profile of stationary liquid downstream of a settling sphere. Similarly, as n 
decreases then the velocity profile becomes more flattened, hence closer to the plug flow 
profile of the stationary liquid.
Furthermore, details of flow fields around a stationary sphere were also obtained and 
analysed in a similar manner. They are identical to those for the settling sphere at power
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Figure 6.32: Variation o f the fractional differences, defined by equation 6.1, with size 
ratio for several values ofpower law index, n at creeping conditions.
law limit {H ~ 0). The values of the pressure and viscous contributions as well as the local 
fields of the stress and pressure were found to vary in similar behaviour, but with values 
slightly less. For this reason these results are not shown here.
It may be interesting to add here that for a!R = 0.2, the maximum and the minimum 
fractional difference percentages are ~ 2.8% and 1% at power law index values of w = 1 
and n = 0.4, respectively. Perhaps it is now safe to conclude that the results obtained for the 
stationary sphere case in the following section may also represent the settling sphere case.
6.4 A single stationary sphere inside a tapered tube
As mentioned earlier in Chapters 2 and 3, no closed form expressions (or numerical 
calculations) are available for the flow of Newtonian or shear thinning fluids past a sphere 
in a tapered tube. Thus, the present results on the drag experienced by the sphere are 
analysed along similar lines to those in the preceding section for the stationary sphere in a 
uniform tube. That is to express the numerical values in terms of the non-dimensional wall 
correction factor (JTi) defined by equation 3.26. Intuitively, for constant contraction ratio of 
the tapered tube, it is expected that Kj should be a function of the angle of the cone, 0 , and
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the normalised separation distance, (see § 3.7.3). In addition, the wall correction factor 
is expected to have some dependence on the particle Reynolds numbers as well as on the 
degree of pseudo-plasticity (shear thinning behaviour), that is on the value of the power 
law index.
At the outset, however, three additional points are worth mentioning. First, a reminder that 
the characteristic velocity used in this part of the work is the centreline velocity at the exit. 
Second, the flow is purely shearing flow and that there is no extensional type of flow, 
which is prone to occur in this kind of geometry. This is important because the extensional 
viscosity effect is neglected. A justification for this, is the fact that the extensional flow 
behaviour is likely to appear when the flow Reynolds number is in order of 1000, Garrioch 
and James (1997). Whereas in the current study the highest particle Reynolds number is 
100. Therefore it can be easily shown that the maximum flow (or tube) Reynolds number is 
500 (the downstream tube is 5 times the radius of the sphere). Third, as the power law 
model is applied to this problem, it is assumed that the relative flow past the sphere is such 
that a large portion of the surface of the sphere is exposed to a shear rate range where the 
power law model accurately predicts the viscosity.
6.4.1 Ne\#onian fluids
Numerical calculations were first carried out for Newtonian fluids when the flow is 
creeping throughout the tapered tube. Figure 6.33 shows the calculated values of /G for 
three values of half angle as a function of the normalised separation distance at particle 
Reynolds number, Rcp = 0.01 (with the centreline velocity at the downstream of the tube as 
the characteristic velocity). The drag force on the sphere increases as the separation 
distance increases. It reaches a maximum value when the sphere is completely inside the 
downstream tube. The results suggest that a sphere at the exit (X = 1) experiences a drag 
force two orders of magnitude larger than that at the entrance (X =  0). The results also 
seem to suggest that across the range of the half angles, there is a slight increase in the drag 
as 0  increases. However, this trend does not continue. At X =  1, in fact, it is marginally 
reversed and beyond it the drag seems to reach to a constant value. This marginal decrease 
close to X=  1 may be attributed to the increase in the local hydrodynamic resistance due to 
different configurations for various half angles. In other words, for tapered tube having the 
same contraction ratio (R\:R2) and for the same size ratio (a/Ri), both larger local size ratio
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Figure 6.33: The wall correction factor (Kt)  as a function o f separation distance (X) for  
different values o f half angle (&) at creeping flow regime (IRep = 0.01).
and larger half angle cause the drag to increase. At various separation distance the local 
size ratio is the same for the three half angle values, so it is only the half angle that will 
affect the drag. The larger is the half angle of the tube, the more deformation that the fluid 
is subjected to, the larger is the drag imposed on the sphere. Exception for this is when the 
sphere is just at the exit (a separation distance % = 1) where the gap is slightly smaller for 
smaller half angle. The gap between the rear part of the sphere (which is still one sphere 
radius inside the tube at this separation distance) and the tube (through which the fluid is 
flowing) is smaller for a smaller half angle value. Therefore, the fluid retards slightly more 
with smaller half angle, hence causing marginally higher drag. After A" = 1, the fluid is 
slow (creeping) then the only effect is that due to the wall proximity. Because the size of 
the downstream tube relative to that of the sphere is the same for all cases, then the drag is 
the same.
Furthermore, Figure 6.34 depicts the computed values of the drag when Rep = 100, in 
which finite inertia is incorporated. Plainly, it is evident from this figure that up until 
separation distance of % = 1, the basic characteristics resemble those of Rep = 0.01. 
However, after X =  \, the drag does not converge to a constant value as in the pervious 
case. Instead it increases as the half angle of the cone decreases. The reasons behind this
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Figure 6.34: The wall correction factor (Kt)  as a Junction o f separation distance (X) for  
different values o f half angle (Ç>) at (Rtp = 100).
will be explained in § 6.4.3.
To elucidate the role of finite inertia it may be useful to plot the drag values over the 
considered range of particle Reynolds number. In Figure 6.35, the variations of the wall 
correction factor with X  and Rcp are shown for a tapered tube of © = 20°. As it may be 
expected, the values at Rep = 0.01 and Rep = 1 are overlapping throughout the tube, which 
means in a tapered tube the creeping flow assumption is valid to a particle Reynolds 
number of Rep = 1. . In addition, it can be readily observed that the influence of inertia 
does not appear until after a separation distance value of X =  0.75. Before this separation 
distance the flow is almost creeping (local Rcp ~ 0.01-1) and the drag acting on the sphere 
is the same. As the sphere is getting closer to the exit, the inertia role becomes clearer and 
the drag values at different Rep starts to differentiate more. Similar results were obtained 
for the other two angle values. But with 0 = 1 0 °  the values (for separation distances X <  1) 
are slightly less than those presented in Figure 6.35 whereas with 0  = 30°the 
corresponding values are slightly greater.
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Figure 6.35: TTie wall correction factor (K^ ) as a function o f separation distance (X) 
and particle Reynolds number (Re )^. Here © = 20 °
6.4.2 Shear thinning fluids
The influence of shear thinning was determined first at the creeping conditions (RCp = 
0.01) by varying the value of power law index, n, and calculating the corresponding drags 
at various normalised separation distances X. Figure 6.36 presents the variations with a 
tapered tube of 0  = 30°. It is noted that, at a given separation distance in the range %< 1, 
the wall correction factor increases as the degree of shear thinning increases (« is reduced). 
The amount of this augmentation due to shear thinning behaviour decreases as the sphere 
approaches the exit. At %> 1, the value of the wall correction factor is almost the same for 
ail n values.
Figure 6.37 shows the values of the wall correction factor over the same range of variable 
as Figure 6.36, but here with particle Reynolds number of Rep = 100. For all separation 
distances X <  1, the behaviour is the same to that at creeping flow regime. After %= 1, 
however, the trend is exactly opposite to that before %= 1. Instead of drag augmentation 
with decreasing /?, drag reduction is observed. Moreover, an examination of Figures 6.37 
and 6.36 reveals that, as has been observed for the Newtonian fluids, the corresponding 
values of are same for all separation distances X < 0.75. The inertia starts to play a role
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Figure 6.36: The wall correction factor (K^ as a function o f separation distance (X) 
and power law index (n) at creeping flow regime (Rep = 0.01). Here 0  =
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Figure 6.37: The wall correction factor (Kt) as a function o f separation distance (X) 
and power law index (n) at higher Reynolds number (Re p = 100). Here ^  ^  30°.
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in increasing the drag only when the sphere is at a distance X =  0.15. Restated the values 
of the wall correction factor in Figure 6.37 is higher than the corresponding values in 
Figure 6.36 only when the sphere is at a separation distance of % > 0.75. Further, at a 
given separation distance in this range, the increase in the drag with Rep is more 
noticeable, the lower is the value of the power law index n. Figure 6.38 clearly shows 
that for a given separation distance the gap between the two Reynolds curves are larger 
for the Newtonian fluid in comparison to that for the power law fluid with n = 0.4. This 
is inline with the results previously obtained for a sphere in uniform tubes that the rate of 
increase in the drag force with inertia and wall proximity increases as the fluid behaves 
in more Newtonian manner.
A
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—#— n= 1.0, Re'p = 100 
—#— n= 0.4, Re'p =100 
------ - n= 1.0, Re'p = 0.01
—e— n= 0.4, Re'p = 0.01
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Figure 6.38: Comparison between the values o f the wall correction factor in Newtonian 
and power law fluids (n = 0.4) at two different particle Reynolds number in separation 
distance range 0.5 < X ^  0.75.
6.4.3 Flow fields
6.4.3.1 Pressure and friction drag contributions
To get a better understanding of the trends described in the above two sections, the total 
drag results may be explained in terms of the contributions of the pressure and viscous 
(friction) forces. Based on the experience gained from the case of the uniform tubes, clear
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representations of these contributions can be best charted as pressure and viscous 
correction factors. Here the pressure and the viscous correction factors (Azp and K i \ )  are 
defined as the calculated pressure and the viscous forces at a given separation distance 
normalised by equations 3.20 and 3.21, respectively. As mentioned at the beginning the 
characteristic velocity used in equations 3.20 and 3.21 is the maximum downstream tube 
velocity.
The pressure and the viscous contributions to the total wall factor are shown in Figures 
6.39 and 6.40 for the three considered half angle values and particle Reynolds number of 
Rep = 0.01 and 100, respectively. Whereas Figure 6.41 demonstrates the contributions over 
the considered particle Reynolds number range and 0  = 20°. From these figures one can 
draw the following observations:
• The value of the half angle does not seem to vary the pressure and the viscous forces 
on the sphere in the three tubes. At creeping conditions, the increase of both forces due 
to the half angle is uniform when the sphere is inside the converge section of the tube. 
When the sphere is just at the exit X  =  then the influences of half angle slightly 
reverse as a result of smaller gap at that separation distance. In the absence of inertia, 
and when the sphere completely inside the downstream tube the forces become the 
same regardless of the half angle value (see Figure 6.39). However, when the inertia is
1000  ©= 10
 0 = 20
 © = 30100 -
10 -
1.2510
1000  © = 10
 © = 20
© = 30
10 -
0.25 0.5 X  0 75 1.2510
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Figure 6.39: V a r ia tio n  o f  (a ) th e  p r e s s u r e  c o r r e c t io n  f a c t o r  (K if)  a n d  (b ) th e  v is c o u s  
c o r r e c t io n  f a c t o r  (K jw ) w ith  s e p a r a t io n  d is ta n c e  (X )  f o r  th re e  h a l f  a n g le  v a lu e s  (0). 
H e r e  Rcp = 0 ,0 1  ( c r e e p in g f lo w ) .
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Figure 6.40: Variation o f (a) the pressure correction factor (Kiv) and (b) the viscous 
correction factor (Kzw) with separation distance (X) for three half angle values (Q).
Here Rcp = 100.
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Figure 6.41: Variation o f (a) the pressure correction factor (Kjv) cind (b) the viscous 
correction factor (Kiy) with separation distance (X) over the range q/^Rep with 0  = 20°
introduced as shown in Figure 6.40, then the values of both contributions the value of 
the drag on the sphere at % > 1 will be influenced by the half angle contraction. The 
larger is the half angle of the tube, the lower is the pressure and viscous drags acting 
on the sphere in the downstream tube attached to it, see parts of Figure 6.40. This may 
be interpreted through the following argument. In the creeping limit, the streamlines of 
the fluid are hardly disturbed due to the existence of the contraction. However, at a 
particle Reynolds number of Rep = 100, the fluid is flowing comparatively fast through 
the contraction, which will impose resistance to the flow. The larger is the half angle, 
the stronger is the flow resistance, and the more are disturbances to the velocity field.
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In addition, the smaller is the half angle of the tube, the longer is the distance that the 
fluid will travel after leaving the cone to reach the sphere in the downstream tube. The 
less disturbances and the longer distance to develop for tubes with smaller half angle 
causes the drag imposed by the fluid on the sphere to be more in such tubes at X =  
1.25 and Rep =100. This will be explained later with the aid of velocity vectors plots.
9 From Figure 6.41, both forces increase with inertia. Over the separation distance range 
where the inertia comes to play, X  > 0.75, both factors increase with separation 
distance maybe as a result of the increase in the local size ratio and the local relative 
velocity. The amount of increase in the pressure factor is higher than the corresponding 
viscous factor.
It is interesting to see how the friction and form drags change with shear thimiing 
parameters. In Figures 6.42 and 6.43, the variations of these factors as functions of the 
separation distance X are plotted for a number of power law indices at creeping conditions 
(Rep = 0.01) and at higher particle Reynolds number (Rep = 100), respectively. From these 
two figures, it is clear that for all separation distance values (within X < 0.75), the pressure 
and viscous forces increase with decreasing power law index n. The rate of their increase, 
(the gaps between the values at different n), however, decreases as the separation distance 
increases. For separation distances X  > 0.75, the trends are different and the following 
observations can be summarised:
9 At the creeping conditions, the pressure force behaves with the same trend up to %= 1, 
then it seems to attain a constant value, which is higher for lower value of n. The 
viscous force continues to follow the same trend up to ~ X =  0.95, at which the values 
of the friction factors are almost equal to each other. After this separation distance tlie 
trend is reversed. Adding the behaviours of the pressure and the friction forces may 
explain why the total drags are almost the same for all values of power law index.
9 At higher Reynolds number, the viscous and pressure factors behave in similar fashion 
to that at creeping conditions except minor differences, which lead to differences in the 
total drag behaviour. The curves for the friction factors at different n intersect at a 
shorter separation distance ~ 0.85 < X  < 0.95. On the other hand, the differences 
between the values of the pressure factors at different n are smaller than
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Figure 6.42: Variation o f (a) the pressure correction factor (Kzv) and (b) the viscous 
correction factor (Kiv) with separation distance (X) for several selected values o f power 
law index (n). Here Rc p = 0.01 a n d S  = 30°.
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Figure 6.43: Variation o f (a) the pressure correction factor (Kiv) and (b) the viscous 
correction factor (Kix) with separation distance (X) for several selected values o f power 
law index (n). Here Re’p = 100 and B  = 30°.
corresponding ones at creeping regime. As a result, the overall drag factors will tend to 
behave approximately in similar trends to the friction factors. In fact, this is the case 
when the Figures 6.36 and 6.42b are compared.
6.4.3.2 Local fields
In this section, the distributions of the local fields over the surface of the sphere are 
presented in order to through more lights on the primary variables that control the drag 
behaviour. Figures 6.44a to 6.45e shows the influence of half angle on the variations of the 
wall shear stress and static pressure. The first group of figures (Figure 6.44) is for particle
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Reynolds number Rep = 0.01 and the latter (Figure 6.45) is for RCp = 100. Some 
observations are important and can be briefed as follows:
o When compared with the uniform tube (or those for unbounded case), the variations of 
Twiiii and ps are asymmetrical even at low Reynolds number.
» Over the separation distance range of 0 < X  < 0.75, the increase in the value of © 
slightly increases the values. This may explain the uniform elevations in the pressure 
and stress drag factors with 0  over this range, 
o For a given 0 , the local values of pressure and wall stress increase markedly as the 
sphere moves from the entrance to the exit. At creeping conditions, the values at X -  1 
are one order of magnitude larger than those at X =  0.75, which are in timi one order of 
magnitude large than those at X = 0.
® the influence of the half angle on the variations of Xwaii and ps at X =  0 (or X =  0.75)
and that at X=  1 are opposite to each other. Thus, for instance, at Rcp = 0.01 the largest 
pressure difference between the rear and front parts of the sphere is when 0  = 30° at X  
= 0.75 whereas it is when 0  = 10° at X =  1 (see parts b and f of Figure 6.44).
* At X =  0 and X =  0.75, the values of the local stress at the two Reynolds number are 
the same (see parts a and c of each figure), whereas the local pressure increases slightly 
when particle Reynolds number increases from 0.01 to 100. This observation further 
shows the reason why the curves of pressure and viscous correction factors for a sphere 
at separation distance range bounded by those two positions at different Reynolds 
numbers are overlapping.
® Finally, comparing parts e and f of Figure 6.44 and the corresponding of Figure 6.45
clearly reveals that at a separation distance of X =  1 not only the local pressure and 
stress values are different in magnitude at the two Reynolds numbers, but also in their 
trends. At Rep = 0.01, the half angle 0  negligibly influences the values. On the other 
hand, the changes in the variations for different 0  become more noticeable at Rep = 
100.
It may be interesting to compare the above values of the local static pressure and wall shear 
stress inside the converged section of the tube with those in the attached downstream 
uniform tube. Figures 6.46a to d show the coiTesponding values at X =  1.25 for the tlu*ee 
half angle values. Two main observations can be seen:
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Figure 6.44: The variations o f the wall shear stress Xwau (o, c, e) and the static pressure p*
(b, d, f)  on the surface o f the sphere with the value o f the half angle o f the tube and at a
separation distance o f (a, b) 0, ( c , d ) X ^  0.75, and X ^  1 (e,f). Here Rcp = 0.01.
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Figure 6.45: 77ie variations o f the wall shear stress Tw»u (a, c, e) and the static pressure ps
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Figure 6.46: The variations o f the wall shear stress Xwau (a, c) and the static pressure p» 
(b, d) on the surface o f the sphere with the value o f the half angle o f the tube and at a 
separation distance o f X =  1.25 and particle Reynolds number (a, b) Rcp == 0.01 and (c, 
d) Rep = 100.
» The values of the pressure and the wall stress in the downstream tube are completely 
insensitive to the half angle value of the attached upstream converging at low Reynolds 
number. At Rep = 100, however, the smaller the half angle value the larger the local 
values. This is may be attributed to the reason mentioned above (§ 6.4.3.1).
» In the creeping regime, the values of T^ au and ps at A"= 1.25 are comparable to those at 
X =  \. When inertial force becomes more important at Rep = 100, the values in the 
downstream tube is almost double those just at the exit {X=  1).
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It is more interesting to see the influence of shear thinning parameters, namely power law 
index (/?), on the variations in the local fields. Pai'ts a to f  of Figure 6.47 show such 
variations when the sphere is located at two separation distances, namely, X =  0.75 and X  
= 1. The values at X =  0.75 are not shown for higher Reynolds number as they are found to 
be exactly similar to those shown for the creeping regime. The findings from these figures 
may be summarised by the following:
• The results seem to suggest that the power law index has more influence on the local 
form and friction values when the sphere is at the inlet of the cone {X=  0), which is 
almost unbounded. At this separation distance, the values of x^ aii and ps increase with 
increasing degree of shear thinning. Thus the corresponding pressure and friction 
correction factors increases with decreasing n; hence the total drag force (See parts a 
and b). This is qualitatively in line with the trends observed in the pervious chapter for 
the unbounded sphere.
« Figure 6.47c shows that the local values of the wall shear stress at X =  I are not 
varying with n to an extent less than that at 0 (Figure 6.47a). As n drops, the values 
are slightly higher and the curve is more symmetiical. However, imexpectedly, the 
value of the integral of the curve given by equation 3.19 (which is equivalent to the 
friction factor) was calculated to be higher, the higher the value of n. For instance, the 
maximum non-dimensionless value at n ~ 0.4 is 2.4521 and it is at a  = 98.44° whereas 
the maximum at w = 1 is 2.1014 and at a  = 101.8°. Recalculating the integral values 
from the local values gives 8.54 x 10'  ^ and 3.31 x 10'  ^ for n -  I and M -  0.4, 
respectively. These values compared very well with those of friction forces calculated 
by FLUENT at the corresponding power law index, namely, 8.607 x 10"^  and 3.313 x 
I O ' at /? = 1 and n = 0.4, respectively. Also they confirm that the viscous force at X -  1 
is higher, the higher is the value of n. The trend that can be seen from Figure 6.42a at X  
= 1.
e At X=  1, Figure 6.47d depicts that the pressure difference field acting on a sphere by a 
power law fluid is larger than that on the same sphere by a Newtonian counterpart. The 
lower the value of n the larger the pressure difference. This explains the increase in the 
pressure factor with decreasing n at this separation distance (Figure 6.42a).
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Figure 6.47: The variations o f the wall shear stress Xwau (a, c, e) and the static pressure p,
(b, d, f)  on the surface o f the sphere with the value o f the power law index (n) at (a, b) X  =
0.75, Rep = 0.0J, (c, d) X =  7, Re’p = 0.0J, and(e,f) X ^  I, Re'p = 100.
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® The above descriptions for the wall shear stress and the static pressure at creeping flow 
regime are applied for Re'p =100 case. However, at separation distance X =  I, for a 
given /?, the increase in the pressure force on the sphere (Figure 6.47f) does not 
compensate the reduction in the viscous force (Figure 6.46e). The total force variation 
with separation distance, therefore, will tend to behave in a manner similar to the 
viscous force. That is the case when the total correction factor (Figure 6.37) and the 
viscous correction factor (Figure 6.43b) are compared.
Furthermore, some more useful insights can be gained by examining the variation of the 
viscosity on the surface of the sphere at various separ ation distances. Figure 4.48 shows the 
variations of the power law viscosity with (a) at X =  0 for different n values, (b) at X = \ 
for different n values and (c) at various separation distances and n = 0.8. The figure reveals 
that in the creeping regime not only the viscosity variation is symmetrical but a major part 
of the sphere surface is also exposed to a constant viscosity, which is lower than that of the 
Newtonian fluid. Smaller is the value of n the lower is the value of the viscosity. However, 
at low separation distance (large local size ratio), the viscosity does not go down as low as 
in the case of large separation distance (small local size ratio) - compare parts a and b.
Moreover, for a given power law fluid (fixed values of m and »), as the value of X  
increases (that is the local size ratio increases), the effective shear rate increases and 
therefore the effective viscosity decreases. This will tend to reduce the drag on the sphere. 
On the other hand, the relative velocity also increases which will natuially elevate the drag 
on the sphere. The augmentation in the drag due to latter mechanism seems to far outweigh 
the reduction in the drag due to a finite decrease in viscosity.
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6.4.3.3 Streamlines plots
Figures 49a to 54f show typical streamlines plots in the whole tube as well as in the 
vicinity of the sphere at various separation distance {X) and over a range of combinations 
of particle Reynolds number and power law index. The following observations can be 
detected;
• The figures have shown that in the range 0 < % < 0.75 the flow fields outside the 
sphere are virtually slightly asymmetrical for all values of Rep and n studied here with 
no evidence of wake formation. This may confirm the notion that the creeping flow 
really persists in this section of the tapered tube up to the highest value of Rep. Hence 
same value of wall correction factor at a specific X  are expected.
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® Nevertheless, as the separation distance increases, the streamlines get closer to the 
surface of the sphere, hence more drag force imposed.
• At % = I, the asymmetry increases especially at higher Rep. and separation starts to 
appear. However, no wakes formed.
• At X=  1.25, the asymmetry noticed as a result of the geometry constraint disappears at 
low Reynolds number. But at higher Rcp, further changes occur to the streamlines due 
to the inertia. Separation of the streamlines are more noticeable and at Rep = 100 a 
small wake forms.
« As it was the case for unbounded sphere or bounded sphere in a uniform tube, Figures 
6.50, 6.52 and 6.54 make it clearly that power law index has almost no influence on the 
streamline pattern behaviour or the wake structure. This is inline with the pervious 
findings for the unbounded spheres and bounded spheres inside uniform tube.
(5.4.3.4 Velocity vectors
Figure 6.55a to 6.56f depict evolution of velocity vectors near the contraction and around 
the sphere for the three half angle values considered at two different particle Reynolds 
numbers of 1 and 100. As can be seen from Figure 6.55 the velocity field is insensitive to 
the half angle of the tube either near the contraction or in the vicinity of the sphere. The 
maximum centreline velocities near the contraction (a, c, e) or those approaching the 
sphere (b, d, f) are the same for the three half angle values. When those at low Reynolds 
number are compared with the corresponding ones at higher Reynolds number, then the 
suggestion mention earlier in § 6.4.3.1 is confirmed. At high Reynolds number flow, the 
smaller the half angle of the tube, the smaller are the alterations in the velocity flow field. 
For particle Reynolds number Rep =100 (tube Reynolds number Retz = 500) the smaller 
the half angle of the tube, the higher is the maximum centreline velocity (given by the 
yellow arrows) near the contraction. For instance, it is ~ 3.3 cm/s for 0=10® whereas it is 
-  2.7 cm/s for 0  = 30° (Figure 6.56, parts a and e). Also it can be noticed that the smaller 
the half angle, the longer is the distance available for fluid to develop. This implies that the 
maximum approaching centreline velocity is higher for smaller half angle. For instance, it 
is ~ 5.02 cm/s for 0  = 10° whereas it is ~ 4,3 cm/s for 0  = 30° (Figure 6.56, parts b and f).
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Figure 6.49; Streamlines plots for a flow o f Newtonian fluid past a sphere at different
separation distance (a) X  = 0, (b) X =  0.75, (c) X =  1, (d) X =  1.25. Here Rep = 1.
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Figure 6.50: Streamlines plots for a flow o f Power law model fluid past a sphere at
different separation distance (a, b) X  = 0, (c, d) X  = 0.75, (e, f)  X  = I, (g, h) X  = 1.25.
Here (a, c, e and g) n = 0.8, d, f  and h) n = 0.4, and Re p = 7.
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Figure 6.51: Streamlines plots for a flow o f Newtonian fluid past a sphere at different
separation distance (a) X  ^  0, (b) X  = 0.75, (c) X ^  I, (d) X 1.25. Here Rep = 50.
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Figure 6.53: Streamlines plots for a flow o f Newtonian fluid past a sphere at different
separation distance (a) X  = 0, (b) X =  0.75, (c) X  = I, (d) X =  1.25. Here Re, = 100,
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Figure 6.54: Streamlines plots for a flow o f Power law model fluid past a sphere at
different separation distance (a, b) X  = 0, (c, d) X  = 0.75,^  ( e , J ) X= 1, (g, h) X =  1.25.
Here (a, c, e andg) n -  0.8, Q), d, f  andh) n = 0.4, and Re p = 100.
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Figure 6.55: Influence o f the half angle value on the velocity vector fields for a flow o f 
Newtonian fluid past a sphere at a separation distance (X  = 1.25); (a, c, e) near the 
contraction (b, d, c) in the vicinity o f the sphere. Here Rep = 1.
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Figure 6.56: Influence o f the half angle value on the velocity vector fields for a flow o f 
Newtonian fluid past a sphere at a separation distance (X  = 1.25); (a, c, e) near the 
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7. CONCLUSIONS AND FUTURE WORK
7.1 Conclusions
The wide presence of shear thinning fluids in the process industries dictates the need for 
better understanding of their interaction with the solid phase. The flow past a spherical 
particle represents an idealisation for solid-liquid systems for a host of engineering process 
design and product manufacturing technologies. Notwithstanding the importance of 
detailed kinematics of the flow, it is readily recognised that one of the parameters of 
central interest here is the total hydrodynamic force (mainly the drag) experienced by the 
particle that is in relative motion with respect to the liquid medium.
In the current study, numerical solutions have been carried out for the steady flow of 
Newtonian and shear thinning fluids past unbounded and bounded spheres. In the bounded 
cases, the sphere was located along the axis of a cylindrical tube with two kinds of walls, 
namely, uniform straight walls and tapered converged tubes. While there are some 
investigations about the former type of tubes available in the open literature, it seems the 
results reported in this thesis for the latter type are the first that considered such complex, 
but frequently encountered geometry.
The flow of Newtonian fluids past unbounded and bounded spheres has already been 
investigated by many authors in the past, as discussed in Chapter 2. However, those fluids 
were considered first in order to establish the reliability of the numerical drag prediction 
procedure. The agreement between the current study predictions and many experimental 
and analytical results was assessed to be fairly good and satisfactory (accurate to within 1 - 
3% for most cases). This further encourages simulation of the shear thinning counterparts.
The literature review on the flow of inelastic shear thinning fluids past unbounded spheres 
shows contradictory trends reached by different investigators, see the concluding remarks 
in Chapter 2 (§ 2.6). In the current work, an attempt to remove the uncertainty and the 
ambiguity was carried out by modelling the shear thinning behaviour using the Spriggs 
truncated model. Birds (1987). This model produces a constant Newtonian viscosity at low 
shear rate, and power law behaviour above a critical value of a shear rate. An important 
question that seems to have not been answered definitively in the literature is the
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dependence of the drag coefficient on the shear rate distribution. Using this model, this 
dependence is taken into account by introducing a further parameter to link between the 
shear rate distribution over the sphere's surface and the shear rate dependent viscosity of 
the fluid. This was achieved by defining a dimensionless shear rate H. It is the ratio of the 
minimum shear rate, above which power law begins, to the effective shear created by the 
sphere (given by the ratio of relative velocity to the sphere's surface).
Computations were carried out for values of power law index of 0.2 < n < 1.0, and 
dimensionless shear rates 0 < H  <2  over a range of particle Reynolds numbers 0.01 < Rep 
(or Rep) < 100. For a sphere inside a uniform tube, eight size ratios {a/R) were considered. 
The main conclusions may be summarised in the following:
• For an unbounded sphere in shear thinning fluids at the creeping flow regime, the 
results appear to suggest that not considering the magnitude of dimensionless shear rate 
is the main reason behind the literature disagreement. The drag correction factor can 
have all the three possible trends, depending on the value of this dimensionless 
quantity. As the shear thinning behaviour increases (that is as the power law index, n 
decreases), the drag correction factor, T, may assume values such that T> 1, T< 1, or T 
~ 1. On the other hand, by keeping the dimensionless shear rate constant a unified 
solution was obtained.
• It is found that at different H, the proportions of contributions from pressure and 
viscous forces vary differently. The sum of their variations with n at different H  results 
in the three trends mentioned above.
• When inertia is introduced, the present results give a fairly good match to the 
previously reported results of Graham and Jones (1994) dXH'-'O. That is the total drag 
coefficient is higher than the Newtonian value in the low Reynolds number region and 
smaller in the higher Reynolds number. The existence of the crossover value at Rep ~ 4 
was confirmed by calculating the drag coefficient at this particle Reynolds number and 
different n values and finding them the same. However, at = 1, the general trend is 
different and this crossover point disappears.
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The influence of H  on the drag coefficient decreases as particle Reynolds number 
increases and disappears almost completely when the inertial forces play a significant 
role (typically at Rcp ~ 100). This is quite expected because at such high particle 
Reynolds numbers the effect of shear thinning viscosity is minimal.
The current findings support the opinion that, over the particle Reynolds number range 
considered, the Standard drag curve can approximate the drag coefficient value to 
within 30 - 35% bounds. This conclusion was drawn after observing the influence of H  
in changing the drag coefficient values and trends. On the other hand, the results seem 
to suggest the preferential use of Graham and Jones (1994) expression over the 
standard curve only when power law conditions hold (that is when H  ~ 0).
For a bounded settling sphere in a uniform tube filled with shear thinning fluids, results 
were obtained for the wall correction factor at eight different size ratios between 0.02 - 
0.6. The drag imposed on the sphere by the combined influence (shear thinning and 
wall proximity) is larger than that on the corresponding unbounded sphere for the same 
shear thinning fluid.
Moreover, it seems that there are two size ratio ranges over which the drag behaviour 
versus shear thinning parameters is different. At a/R <0.1, the drag trend with respect 
to shear thinning parameters (n and H) follows qualitatively similar behaviour as 
observed on unbounded sphere. Whereas for size ratios a/R > 0.2, the drag decreases, 
with decreasing n whatever the value oïH . The effect of H  gradually diminishes as the 
size ratio increases and is found to die out completely above a size ratio of a!R ~ 0.6.
As observed experimentally, the wall effects become less significant as the degree of 
shear thinning (pseudo-plasticity behaviour) increases. In other words, the lower the 
value of power law index (n) and/or the closer the value of dimensionless shear rate to 
zero, the lower is the rate of increase o f the wall correction factor with size ratio.
In addition, comparisons between the present predictions for the wall correction factor 
and the predictions of the empirical equation of Chhabra and Uhlherr (1980b) show 
good correspondence to within + 5%. It is shown that this empirical equation available
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in the literature is valid only when H  for both (the unbounded and bounded) cases is 
close to zero. In other words, the current results show what sort of caution should be 
considered when applying the empirical equation of Chhabra and Uhlherr (1980b). For 
a specific tube size, one has to make sure that the sphere is settling such that the ratio 
of its settling velocity to its radius (the local shear rate) is much higher than the onset 
shear rate value. The latter is simply the critical shear rate above which the rheology of 
the fluid can be described by the power law model. It is observed that the closer these 
two values of shear rate are to each other (that is the closer the value of HXo unity), the 
larger is the deviation between the numerical results and the predictions of the 
empirical equations.
• Intentionally, because they exhibit different trends in the creeping flow regime, the 
size ratios a/R = 0.1 and a/R = 0.5 were chosen to study the influence of the combined 
effect of inertia, shear thinning behaviour and the wall effects on the values of wall 
correction factor. For both geometries, the wall correction factor increases as particle 
Reynolds number increases. For alR = 0.1, the trends of the variation are qualitatively 
similar to those observed for the unbounded case, except the values are generally 
higher. However, the crossover value of Reynolds number denoting the switch (at H ~ 
0) appears to be the same, that is Rep ~ 4. For a!R = 0.5, the value of the wall 
correction factor is independent of the dimensionless shear rate (H) and decreases with 
decreasing n over the entire range of particle Reynolds number considered.
Moreover, numerical calculations were also performed for the case of a pressure-driven 
Poiseuille-type flow of Newtonian and power law fluids past a stationary sphere. For this 
case, as the size ratio decreases and/or the power law index increases then the values of the 
wall correction factor become smaller than the settling sphere counterparts. This has been 
attributed to the fact that as the tube size increases then the parabolic velocity profile at the 
downstream of a stationary sphere becomes more similar to the plug flow profile of 
stationary liquid downstream of a settling sphere. Similarly, as n decreases then the 
velocity profile becomes more flattened, hence closer to the plug flow profile of the 
stationary liquid.
The final part of this thesis is related to the hydrodynamic drag force acting on a spherical 
particle positioned in an accelerated flow of Newtonian and power law fluids inside a
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tapered tube. The computations were carried out for a variety of geometries and over a 
wide range of conditions (0  = 10°, 20° and 30°, 0 <% < 1.25, 0.01 < Re'p < 100 and 0.4 < 
n < 1). It may be worth re-iterating here that the particle Reynolds number is defined in 
terms of the maximum centreline velocity in the downstream tube. The main conclusions 
that can be drawn are:
• For Newtonian fluids, with creeping flow throughout (Rcp = 0.01), the hydrodynamic 
drag force acting on the sphere increases substantially especially towards the exit. On 
the other hand, the results show that varying the half angle has a very small effect on 
the force. As the separation distance increases from 0 to 1, the drag force on 
the sphere in a tapered tube with 0  = 30° imposes slightly higher drag than that if © = 
10°. The augmentation is uniform throughout the tube. However, at a distance close to 
AT= 1, a marginal reverse was observed. A sphere in the tube with lower half angle is 
subjected to slightly more drag force. This has been attributed to the increase in the 
local hydrodynamic resistance with lower half angle at that particular separation 
distance.
• At higher Reynolds numbers, the variations with separation distance resemble those in 
the creeping flow regime up to AT= 1.
• The influence of inertia on increasing the wall correction factor seems to appear only 
when the sphere is located at AT> 0.75.
* The wall correction factor increases with the increasing degree of pseudo-plasticity 
over the separation distance range X  <\ .  The rate of increase with power law index 
decreases as AT increases. At a distance X ~  the wall correction factor is almost the 
same regardless of the value of the index. After X  = 1, the wall correction factor is 
either the same for all n values (in the creeping regime) or decreases with decreasing n 
(in the higher Reynolds number regime).
The variations of pressure and viscous forces (both the average factors and the local 
values) seem to support the aforementioned trends.
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7.2 Future work
Future work may explore several avenues worthy of research. Some possible issues are
briefly outlined below:
• After recognising the reason behind the literature disagreement regarding the drag
correction factor for unbounded spheres in purely inelastic shear thinning fluids, it
appears useful to carry out some real life experiments to validate the findings. In other 
words, there are some expressions for the drag coefficient (or the drag correction 
factor) available in the literature, for example Chhabra and Uhlheit (1981b) and 
Graham and Jones (1994). These are based on the fact that the shear thinning rheology 
is entirely described by the power law model. Some authors warn and doubt the 
reliability of any of results that use the power law model without mentioning the 
associated deficits with the results, or over what range those results are inapplicable, 
see for example Chhabra (1993). In this work, it seems that the above expressions 
adequately provide an approximate solution only when power law conditions hold {H 
~ 0). It appears appropriate to perform experiments to validate the above conclusion. 
One should bear in mind, at this stage, that not all shear thinning fluids can be 
described by a flow curve which have two portions, as is the case when Spriggs 
Truncated model. Birds et a l (1987), is used. In fact, most of the shear thinning fluid 
curves show a transition zone between the Newtonian plateau and the power law 
portion. It may be interesting to see how this zone can be approximated.
• Up until the present time, and up to the author’s best knowledge, no expression is
available for the drag correction factor for the unbounded sphere in shear thinning 
fluids. Development of such expression, which will unify the results for all values of 
dimensionless shear rate could be considered for future work. This is may be 
achieved by the application of some numerical methods such as Least-Squares 
approximation.
• Future work could also attempt to simulate the multiparticle effects. This should be 
carried out systematically. Thus for instance, one could start with the flow of shear 
thinning fluids past a sphere in the presence of two (one in each side) or four (two in 
each side). This has been recently carried out for Newtonian fluids, Sharif and Bowen 
(1994) and Liang et al. (1996).
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The extensive comparisons with the available experimental results for the unbounded 
sphere or the bounded sphere inside a uniform tube show the reliability of the 
numerical simulations presented herein at least for the Newtonian fluids. However, 
some experimental results are needed to validate thoroughly the present results in a 
tapered tube.
It appears that the flow of Newtonian and shear thinning fluids past a sphere in a 
tapered tube at higher Reynolds numbers than investigated herein might be of 
considerable importance. As mentioned in Chapter 6, at higher Reynolds numbers 
flows in such complex geometry, the extensional flow behaviour were shown to play a 
significant role, Garrioch, S. H. and James, D. F. (1997). To proceed, it is necessary to 
define a viscosity that takes into account both the shearing and the extensional 
behaviours. For Generalised Newtonian fluids considered here, one can make use of 
the viscosity model given by Debbaut and Crochet (1988).
In general, the direction of the future work should remain open to the increasing variety 
of problems which stimulate industrial or academic interests. One clear direction is to 
extend the current results for the sphere to particles of different shapes. Some results 
are already available in the open literature for spheroids, Tripathi et a l  (1994), and for 
cylinders, D'Alessio and Pascal (1996). However, in both studies the power law model 
was used. Extending the results for different values of H  could be interesting. 
Moreover, for an unbounded sphere, for example, the roughness of the surface of the, 
sphere has not been investigated. There are many investigations regarding the effect of 
surface roughness when the sphere is in relative motion with respect to inviscid fluids 
(e.g. golf ball). Even though the particle's surface is hardly smooth in real life 
applications, it appears that few attempts have been made to account for the degree of 
roughness on the drag force in viscous fluids, Clift et a l  (1978). Last but not least, the 
drag on straight chains and plainer clusters of touching spheres and agglomerates of 
three or five spheres represents another venue of valuable research. Amongst the scant 
studies that are available, the recent experimental investigation of Chhabra et a l (1995) 
could provide a base to validate any numerical results that would be carried out. When 
the comparison is positively established, then the move to more complicated geometry 
is a matter of acquiring good experience with a sophisticated mesh generator such as 
GAMBIT, GAMBIT Modelling Guide (1998).
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Appendix A Cydependence (Dimensionless analysis)
Assume that the drag force Fd on the spherical particle in relative motion with a 
Generalised Newtonian F luid to depend on the sphere diameter d, the relative velocity V, 
the fluid properties, density p, flow behaviour index n, consistency coefficient m, 
minimum shear rate y„ûn. That is,
Fd = V, p, n, m, ymia)
where denotes a functional dependence-as yet unknown. Writing dimensions of each of the 
seven variables:
Fd = M IuT ^  d=Ju
F = L T ^ p  = ML'^
n = m V t ® m,= M L ^
ymin =
Choosing d, V, and p as the recurring set, the fundamental dimensions M, L, and T can,
therefore, be expressed as;
h ^ d ;  M  = pc^, T = dV ^
and the four IT-groups can be formed as:
Fd /(pef)(4( d V \  that is Fd /(pV^cf)
m/(pcf)(cr^XdVY\thatis m
W (  d  r y  ^  W (  a r y ,  that is 7 - ^
and n.
Therefore,
Fr, ») m V
It is clear that Fd is proportional to Co, therefore
Cd (or Y) ~ ï^(Rep, H, n), which is the same relationship as given by equation 3.35.
Af t er;  Chhabra, R. P.  and Richardson, J.F. Non-Newtonian Flow in the Process Industries 
(1999). Butterworth-Heinemann, Oxford.
Appendix B - Details of the grids
The non-linearity of the system of equations and the formation of steep velocity and stress 
^.cdients especially around the spherical particle requires an adequate mesh to capture the 
flow phenomena. Subdivision of the flow domain into the appropriate control volumes (cells) 
plays a major part in the application of finite volume method. Consequently, tests were 
carried out to select appropriate grids for all cases considered in the current study. For the 
geometries considered in the present study, mesh densities and configurations were studied 
systematically, especially in the vicinity of the sphere where most of the variations occur. In 
this appendix, the details of the final meshes for all bounded geometries are given. Table B-1 
is for the uniform tube whereas table B-2 is for the tapered tubes.
Table B.l: Details o f the fina l meshes usedfor the uniform tube cases
n/R Number of intervals on the surface
Total number of 
Cells
0.02 60 46848
0.05 60 12300
0.1 60 10300
0.2 60 6100
0.25 60 5400
0.4 80 7200
0.5 80 6498
0.6 80 6600
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Table B.2: Details o f the fina l meshes usedfor the tapered tube cases.
H a lf angle o f 
the tube ©
Normalised separation 
distance X
Number of intervals 
on the surface
Total number of 
Cells
10° 0 120 76920
10° 0.25 160 70617
10° 0.5 120 64080
10° 0.75 120 64180
10° 0.85 160 66060
10° 0.95 160 66760
10° 1 160 50000
10° 1.25 200 40900
20° 0 120 45360
20° 0.25 160 42369
20° 0.5 120 37880
20° 0.75 120 37780
20° 0.85 160 39660
20° 0.95 200 42800
20° 1 160 29600
20° 1.25 200 24850
30° 0 120 34920
30° 0.25 160 32928
30° 0.5 120 28680
30° 0.75 120 28680
30° 0.85 200 32200
30° 0.95 200 38080
30° 1 160 22960
30° 1.25 200 19550
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Appendix C Eg uiAngle Skew
In this appendix, EquiAngle (Qeas) measure provided by GAMBIT to assess the quality of 
a mesh is described. EquiAngle (Qeas) measure is defined as (see figure C .l)  as:
J " 'QEAS=max^ (C.l)[ 180- 0 . , ’ 0 ., J
where n^wx and &un are the maximum and the minimum angles (in degrees) between the 
edges of the element, and ^  is the characteristics angle corresponding to an equilateral 
cell of similar form. For quadrilateral cells considered here, e^q = 90°.
'max
Figure C .l: EquiAngle Skew (Qeas) - quadrilateral cell 
By definition, 0 < Qeas ^  1
where Qeas = 0 describes an equilateral cell, and Qeas “  1 describes a completely 
degenerate (poorly shaped) cell. Table C-1 shows the overall relationship between Qeas 
and cell quality.
Table C .l: Qeas versus mesh quality.
Qeas Quality
Qeas”  0 Equilateral (perfect)
0 < Qeas ^ 0.25 Excellent
0.25 < Qeas ^  0.5 Good
0.5 < Qeas <0.75 Fair
0.75 < Qeas <0.9 Poor
0.9 < Qeas ^  1 Very poor
Qeas = 1 Degenerate
Reference: GAMBIT User’s Guide, May 1998. FLUENT Inc.
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Appendix P  The velocity interpolation equation
The key to the shift from a staggered to a co-located grid is the interpolation of the velocity 
field to the cell faces. A simple linear interpolation of the cell centre velocities can lead to 
a pressure checkerboarding effect, where the pressure on odd and even numbered cells are 
uncoupled from each other, Patankar (1980). The Rhie-Chow interpolation method, Rhie 
and Chow (1983), interpolates in a form consistent with the velocity correction equation 
(see chapter 4, equation) as follows. The equation for the x-axis component of momentum 
(equation 4.16) can be written as:
1ti-D —ür dx -------------Û(p Clp nb (D.I)
Writing equation (D.I) for the P and E cells as
2/n - L v_ Z^nb^nb
EvdXyE nb nb
(D.2)
(D.3)
and assuming a similar equation can be written for the velocity at the east face of the cell
v^p y \dxy v^p y
1
<3fp nb nb (D.4)
This equation is then approximated by a linear interpolation of the equations for the centres 
of E and P cells given in equations (D.2) and (D.3). Performing such an interpolation for 
the left hand side of equation (D.4) gives
v^p y
tin — &dx
\  r A \
+«E -
yp
4
a y
(D.5)
which can be rewritten as an expression for tie
Z/p “H ZZg +
v^p y dx J & ^v^p JpW ^y
A .dx
The approximation of (^^/ap^term  by a linear interpolation
U  A \
+ ' 4 ' '
V^p Je J
gives a complete interpolation formula for Ue as
(D.6)
(D.7)
D -l
or
«e + v^p y
vv^p y
dx
4-
v^ p  y EV
A .dx
ry
y  e vv^p y?^
A idx + dxv^p y
(D.8)
^ 4  dp^ (D.9)d x j.
where an overbar with subscript e indicate a linear interpolation of the values at the P and 
E centres. Similar expression can be obtained for z/n face velocities, and the mass fluxes F 
can be calculated by multiplying the density and the area of the relevant cell face. The 
pressure gradient face values are obtained by centred differences as
_ P e - P p
A
\dxy
A
dx
5xg
Pe ~ P w
p ÔXg+ÔX^
Pee Pp
Ôx^ +6Xg
(D.IO)
(D.ll)
(D.12)
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Appendix E The pressure correction equation
The first stage in the derivation of the pressure correction equations is the substitution in 
the discretised momentum equations (4.16) using the initial estimate of the pressure and 
mass flux fields as follows:
nb
"dp-"
^x + 6'x (E .l)
Ay  +  Sy (E.2)-  Z^nb^nb + tnb \ ^ y  J
where u* and v* are the new estimates of velocity in the x and y directions. Now the 
expressions for the corrected pressure and velocity fields equations (4.25 - 4.27) are 
substituted into the discretised momentum (4.16):
«p(z/p +«p)=Z«nb(wnb +W^b)+-” (p  ^+ p ’)^ x  + 6'x (E.3)
nb UX
a p (v p  + v [ ) = X ) a „ b ( v à b  + ’' i , b ) + - p ( p *  + p ' ) 4  +  4  (E .4 )
nb
At this point an assumption is introduced: Z ^ n b ^ n b  Z ^ n b ^ n b  dropped, which
nb nb
should be valid because in a converged solution p —> 0, u' -> 0, and v 0. The omission 
of these terms is the main approximation of the SIMPLE algorithm, Patankar (1980) and 
Versteeg and Malaleskera (1995). After that subtracting the momentum equations E.l and 
E.2 gives an expression relating the correction pressure and velocity field to each other as: ^
(E.5)ox
or
(E.6)ap dx ap dy
By interpolating the expressions in equations (E.6) to the faces of the cell, the corrected 
cell face velocities normal to the face are given by:
_ Pe Pp y _ ^  Pn Pp (E7)
(cfpX Sx, ' " (apX 5y„ 
with ap terms being approximated at the faces by a linear interpolation
E-l
(ap% ( a ^ l  (E.9)
In this interpolation (a?)? is the a? term in the equation for the cell P, whilst (arp)E is the a? 
in the equation for the cell E.
Next, the expressions for the corrected pressure and velocity fields equation (4.25) are 
substituted into the discretised continuity (equation 4.24):
p 4 ( z z g + z z ^ ) + p 4 ( z / ^  + u'J-pA,(u*+ u'J= :0  (E.IO)
which can be rearranged to form:
« 1 ^  = Ww^ w “ We4 + « 1 4  “ " X  (E-H)
Using the expressions from E.7 and factorising yields an equation for the pressure 
correction as
hpp'p +^»eA + ^ wP w + ^ nP'n + h P s  (E-12)
or
P p  ~  Z 4 b  P nb (E.13)
nb
where (in Cartesian grid): 
b.'w ■ 4  ' h —'  4  ' 4  1 h - '  4  '
> p ) „ _
, % -
, ( " p X . L ( « p ) J
7 ~
_ ( " p ) s .
bp -  -(Z>w + ^ E + )» and
- i i ^ A ^  + ^ n 4  “ ^ s 4  “ “ (^ v  + 4  - 4 ) (E.14)
See also: Meier et a l (1999). Comparison between the staggered and collocated grids in 
the finite volume method performance for single and multiphase flows. Computers and 
Chemical Eng. 23: 247- 262.
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Appendix F The User Defined Function (C-Source Code)
This appendix reports one example of C-Source code for the User Defined Function (UDF) 
used to define the velocity at the inlet. This UDF makes use of Fluent-provided DEFINE- 
PROFILE, FLUENT 5 manual (1998). Here the example is for power law index value o î n -  
1, mean velocity across the tube (or the pipe) of Vm = 0.0025 m/s, and tube’s radius of Rc = 
0.01 m.
#include "udf.h"
#define n 1.0 #define Um 0.0025 
#define Rc 0.01
/* profile for x-velocity * /
DEFINE_PROFILE(x_velocity, thread, position)
{ real x[ND_ND]; 
real y; real B,S,SUm; 
face_t f;
B = {n+1.)/n;
S = (3.*n+l.)/{n+l.); 
sum = S*Um;
begin_f_loop(f, thread)
{ F_CENTROID(x,f, thread); 
y = x[l] ;F_PROFILE(f, thread, position) = SUm - SUm*pow(y/Rc,B);
}end_f_loop (f, thread)
}
F-I
Appendix G Pressure drop in a tapered tube
As mentioned in Chapter 4, the total pressure drop through the tapered tube is the sum of the 
pressure drops in each part of it. From § 4.4.2, the total pressure is shown to be:
t^otal = ^dev + + ^ con + ^ dovvo (4.36)
where AP^^yis the pressure drop in a fully developed upstream tube flow, AP^is the orifice 
pressure drop from the upstream tube into the converge section of the tube, à P ^  is the 
pressure drop due to the flow in the converge section, and is the pressure drop due to
flow through the downstream tube. Figure G-1. It is assumed that the pressure drop in the 
downstream is mainly due to the due to the fully developed flow through the downstream tube. 
Hence, equation 4.36 may be rewritten as:
APtotal 2AP,„+AP„+AP„ (G-1)
Flow
Flow
Upstream
Tube
Downstream
Tube
R 2
Figure G-1: The tapered tube - Schematic diagiam o f the channel geometry.
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For a Newtonian fluid, the pressure drop due to a fully developed flow through a uniform tube 
can be written as:
R '"k R^
and equation G-2 is generalised to power fluid model as: 
3»+ l 42
(G-2)
APdev R 4n kR^ (G-3)
Here g , L, R are the volumetric flow rate, length, and radius of the tube, respectively.
Oka (1964) showed that the pressure drop for a Newtonian fluid flow in the conical section:
1 1AP = ----------------------------------7T (l -  cos ©)  ^(l + 2 COS 0 ) R l  P? (G-4)
where 0  is the half angle of the tube, and P ^ 2 and P,j,i are is the radial distance fi'om the cone 
apex, as shown in Figure G-1, at the upstream tube and downstream tubes, respectively. For 
power law fluids, Kown et al. (1986) has derived the following:
APcon - { ^ " 2 1 r 77 1 ]
n 1 1 ^
377 tan© ^7 7 + 1 /tan©^ »3n n3n y
+ ■ 13« sin^" 0
1 -  cos”'*’^ 0  1 -  cos”^  ^0n+1
n + l 77 + 3
77+1 1
77 2 n l Rln R l^ mO"
+ 1 Y  4(1- n )  D " - '2kJ 77 1-COS0 3n m g" (G-5)
where /  and D were shown to be approximated by:
12 + 7 7 + 1 sin 0
(1  — COS ©y ( ^ ( 2 7 7  + 1) /  1 — cos©
1/2
(G-6)
2 ( l-c o s 0 )^(1 + 2 cos©) 77 + 1 
' ^ 3 ---------------------------- ^ (G-7)
For a Newtonian fluid, the orifice pressure drop from the upstream tube into the converge
G-2
section of the tube was shown to be given by:
(G-8)8 * %R^
and for power law fluids, Kown et a l (1986) showed that it may be obtained from equation G- 
5 with © = 90° and R^i -  and R^i = R, as follows:
AP = 3n
1 1 Y 77 + 1 1
k,77 + l 77 + 3y
mg"
R 3n + v27Ty 77 R 3n (G-9)
where jD„ and f  are the corresponding values of D  and /  at © = 90°, respectively.
Reference: Kwon, T. H., Shen, S. F., and Wang, K. K. (1986). Pressure drop of polymeric 
melts in conical converging flow; Experiments and predictions. Polym. Eng. Sci. 26 (3): 215 - 
224.
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